THE SOCIETY’S PRIZES 


The American Mathematical Society offers three prizes in fields as 
noted below, and awards them at five-year intervals in accordance 
with the following schedule. 

(1) The Bécher Prize in Analysis, to be awarded at the end of 1943 
for papers in analysis published during the years 1938-42 inclusive 
(five previous awards). 

(2) The Cole Prize in Algebra, to be awarded at the end of 1944 
for papers published during the years 1939-43 inclusive (two previ- 
ous awards). 

(3) The Cole Prize in the Theory of Numbers, to be awarded at 
the end of 1941 for papers published during the years 1936-40 in- 
clusive (one previous award). 

If the committee on awards finds no memoir of outstanding merit 
at the time appointed for a given award, it will report this fact to 
the Council; the Council concurring, no award shall be made at that 
time. 

The individual amount of each prize is set by the Council; ordi- 
narily it has been one hundred dollars. The following conditions for 
eligibility have been adopted: 

1. A memoir to be eligible for consideration must have been pub- 
lished in the appropriate interval of time in a recognized journal pub- 
lished in the United States or Canada. 

2. The author at the time of publication of the memoir must have 
been a member of the American Mathematical Society. 

3. The author at the time of publication of the memoir must have 
been not more than fifty years of age. 

4. No dissertation shall be eligible for any one of the prizes. 

5. No author who has once received a particular prize shall again 
be awarded the same prize. 

6. No paper shall be eligible for more than one prize. 

R. G. D. RICHARDSON, 
Secretary 
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THE FEBRUARY MEETING IN NEW YORK 


The three hundred sixty-sixth meeting of the American Mathe- 
matical Society was held at Columbia University on Saturday, 
February 24, 1940. The attendance included the following two 
hundred forty-two members of the Society: 


R. P. Agnew, C. B. Allendoerfer, Warren Ambrose, R. L. Anderson, R. G. Archi- 
bald, Herbert E. Arnold, L. A. Aroian, K. J. Arrow, F. E. Baker, M. F. Becker, 
D. L. Bernstein, A. C. Berry, E. E. Betz, Gertrude Blanch, J. H. Blau, Salomon 
Bochner, Frank Boehm, W. M. Bond, Samuel Borofsky, C. B. Boyer, A. D. Bradley, 
A. T. Brauer, H. W. Brinkmann, A. A. F. Brown, A. B. Brown, K. A. Bush, J. H. 
Bushey, Jewell H. Bushey, S. S. Cairns, W. B. Campbell, F. E. Carner, Claude 
Chevalley, Alonzo Church, T. F. Cope, Richard Courant, H. B. Curry, M. D. 
Darkow, Norman Davids, M. M. Day, J. J. De Cicco, M. E. A. Dever, R. P. 
Dilworth, C. H. Dix, W. J. Dixon, Jesse Douglas, T. L. Downs, Arnold Dresden, 
F. G. Dressel, W. D. Duthie, J. E. Eaton, W. F. Eberlein, M. L. Elveback, J. M. 
Feld, W. K. Feller, Aaron Fialkow, W. B. Fite, W. W. Flexner, G. E. Forsythe, 
Tomlinson Fort, R. M. Foster, K. O. Friedrichs, Orrin Frink, Guido Fubini, G. N. 
Garrison, Hilda Geiringer, Abe Gelbart, B. P. Gill, M. A. Girshick, Saul Gorn, 
P. H. Graham, A. M. C. Grant, H. S. Grant, C. H. Graves, C. C. Grove, D. W. Hall, 
F. C. Hall, N. A. Hall, P. R. Halmos, Hans-Karl Hammer, O. G. Harrold, Philip 
Hartman, G. G. Harvey, C. M. Hebbert, G. A. Hedlund, Edward Helly, J. G. 
Herriot, Maximilian Herzberger, Fritz Herzog, E. H. C. Hildebrandt, L. S. Hill, 
Einar Hille, Banesh Hoffmann, Lulu Hofmann, T. R. Hollcroft, E. M. Hull, W. H. 
Ingram, S. A. Jennings, R. A. Johnson, B. W. Jones, H. A. Jordan, Mark Kac, I. N. 
Kagno, E. R. van Kampen, Edward Kasner, L. S. Kennison, S. C. Kleene, J. R. 
Kline, Morris Kline, E. R. Kolchin, B. O. Koopman, Arthur Korn, Jack Laderman, 
M. E. Ladue, A. W. Landers, M. K. Landers, Solomon Lefschetz, A. M. M. Lehr, 
B. A. Lengyel, Howard Levi, Madeline Levin, D. P. Ling, E. R. Lorch, A. N. Lowan, 
P. H. McGrath, I. C. McLaughlin, Brockway McMillan, L. A. MacColl, J. K. L. 
MacDonald, H. F. MacNeish, W. G. Madow, P. T. Maker, A. J. Maria, D. H. Maria, 
A. V. Martin, Walther Mayer, A. E. Meder, A. K. Mitchell, Don Mittleman, E. C. 
Molina, Deane Montgomery, J. C. Montgomery, L. T. Moore, T. W. Moore, Marston 
Morse, G. W. Mullins, D. C. Murdoch, F. J. Murray, C. A. Nelson, E. P. Northrop, 
C. O. Oakley, P. S. Olmstead, J. M. H. Olmsted, Oystein Ore, F. W. Owens, J. C. 
Oxtoby, C. K. Payne, R. S. Phillips, Everett Pitcher, E. L. Post, Walter Prenowitz, 
H. A. Rademacher, H. W. Raudenbush, H. W. Reddick, M. S. Rees, F. G. Reynolds, 
H. J. Riblet, Moses Richardson, R. G. D. Richardson, J. F. Ritt, H. E. Robbins, 
J. H. Roberts, H. P. Robertson, M. S. Robertson, S. L. Robinson, Benjamin Rosen- 
baum, J. E. Rosenthal, Barkley Rosser, Arthur Sard, Max Sasuly, Rubin Schatten, 
E. R. Schneckenburger, Abraham Schwartz, C. H. W. Sedgewick, I. E. Segal, 
Wladimir Seidel, Stephan Serghiesco, L. W. Sheridan, Jacob Sherman, Seymour 
Sherman, Max Shiffman, L. P. Siceloff, L. G. Simons, James Singer, L. L. Smail, 
M. F. Smiley, P. A. Smith, C. M. Sparrow, H. W. Steinhaus, R. C. Stephens, Wolf- 
gang Sternberg, R. E. Street, W. C. Strodt, M. M. Sullivan, F. X. Sutton, J. D. 
Tamarkin, J. H. Taylor, B. J. Tepping, G. B. Thomas, J. M. Thomas, Arthur Tiliey, 
C. B. Tompkins, W. R. Transue, A. W. Tucker, J. W. Tukey, Annita Tuller, Oswald 
Veblen, Abraham Wald, Henry Wallman, R. M. Walter, J. V. Wehausen, Louis 
Weisner, M. E. Wells, William Wernick, F. J. Weyl, Hermann Weyl, A. P. Wheeler, 
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O. L. Wheeler, A. L. Whiteman, Hassler Whitney, V. A. Widder, E. P. Wiggin, S. S. 
Wilks, John Williamson, Aurel Wintner, H. P. Wirth, W. H. Wise, Jack Wolfe, 
Jacob Wolfowitz, H. A. Wood, Oscar Zariski, Leo Zippin, O. J. Zobel. 


The meeting opened Saturday morning with two sessions: Analysis, 
Professor Einar Hille presiding; and Algebra and Theory of Numbers, 
Professor B. W. Jones presiding. 

At the opening of the afternoon general session, at which Professor 
Marston Morse presided, the Society voted, on recommendation of 
the Council, to adopt the following amendment to the by-laws as 
Article 6, Section 9: 


Any member who has been retired from active service on account of age and has 
been a member of the Society for twenty years or more may, upon notification to the 
Secretary of such retirement, have his dues remitted, on the understanding that he 
will thereafter receive the programs of the meetings, but not the Bulletin. 


On recommendation of the Council, the Society also approved send- 
ing the letter quoted below to sister scientific organizations in other 
parts of the world: 


The American Mathematical Society, gathered at New York City for its February 
Meeting, marks this occas‘on by giving collective expression to the deep sympathy 
felt by its members for their many scientific colleagues who today are suffering the 
deprivations and the agonies brought upon them by the spreading cancer of war; 
and by giving collective expression also to their grave, even desperate, concern for 
the preservation of the cultural values and the effective organs of scientific research 
throughout the world during these days of destruction. In the cause of simple human- 
ity and in the interest of the unborn generations for whom science can prepare benefits 
as yet but dimly descried, the American Mathematical Society now appeals to its 
sister societies in every land—and most-particularly to those in lands which are at 
war with one another—to exert all possible effort toward the conservation of the 
scientific resources of the world against the day when peace shall reign once more. 
The Society calls upon its sister societies to concern themselves especially for those 
scientists who, by the fortunes of war, may fall prisoner or may come under new flags, 
to the end that their individual sufferings may be mitigated and their scientific ac- 
tivity continued to the benefit of all men; and it declares its readiness to lend its good 
offices and its assistance, both moral and material, to those of its sister societies which 
may respond to this urgent appeal. 


After the short business meeting, Professor B. O. Koopman gave 
an address entitled The bases of probability. The general session was 
followed by two sectional sessions: Geometry and Topology, Dr. 
T. W. Moore presiding; Logic, Statistics and Probability, Professor 
Barkley Rosser presiding. 

Titles and cross references to the abstracts of the papers read 
follow below. Papers whose abstract numbers are followed by the 
letter ¢ were read by title. The papers numbered 1 to 10 were read 
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before the section for Analysis; those numbered 11 to 18 before the 
section for Algebra and Theory of Numbers; those numbered 19 to 26 
before the section for Geometry and Topology; those numbered 27 to 
33 before the section for Logic, Statistics and Probability; papers 
numbered 34 to 65 were read by title. Paper 5 was read by Mr. Segal, 
paper 19 by Mr. Ling, paper 21 by Mr. Martin, paper 22 by Professor 
Kasner, paper 26 by Professor Courant, and paper 29 by Dr. Kac. 
Sister M. Patricia Callaghan was introduced by Professor Francis 
Regan, Mr. Henry Hurwitz by Professor G. D. Birkhoff, and Miss 
Harlan C. Miller by Professor R. L. Moore. 

1. Seymour Sherman: A comparison of linear measures of point sets 
in the plane. Preliminary report. (Abstract 46-3-192.) 

2. Jenny E. Rosenthal: Generating functions and properties of cer- 
tain orthogonal polynomials. Preliminary report. (Abstract 46-3-187.) 

3. Fritz Herzog: Uniqueness theorems for rational functions. (Ab- 
stract 46-3-174.) 

4. M. M. Day: Linear methods of summability. (Abstract 46-3-164.) 

5. Einar Hille and I. E. Segal: Blaschke products as Laplace-Stieltjes 
integrals. (Abstract 46-3-176.) 

6. Tomlinson Fort: Summability and the definition of a limit. (Ab- 
stract 46-3-170.) 

7. R. P. Agnew: Tauberian conditions. (Abstract 46-3-152.) 

8. R. S. Phillips: On the space of completely additive set functions. 
(Abstract 46-3-183.) 

9. J. Hobart Bushey: Expansions of products of certain symmetric 
orthogonal polynomials. (Abstract 46-3-160.) 

10. F. G. Dressel: The fundamental solution of the parabolic equa- 
tion. (Abstract 46-3-168.) 

11. G. B. Thomas: Regular positive ternary quadratic forms. Pre- 
liminary report. (Abstract 46-3-195.) 

12. H. J. Riblet: Certain theorems for algebraic differential fields. 
(Abstract 46-3-186.) 

13. R. P. Dilworth: A characterization of lattices of ideals. (Abstract 
46-3-166.) 

14. Hermann Weyl: Theory of reduction for arithmetical equivalence. 
(Abstract 46-3-201.) 

15. A. L. Whiteman: Additive prime number theory in real quadratic 
fields. (Abstract 46-3-151.) 

16. E. R. Kolchin: On the exponents of differential ideals. (Abstract 
46-3-179.) 

17. S. A. Jennings: Nilpotent groups and nilpotent rings. (Abstract 
46-3-177.) 
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18. John Williamson: An algebraic problem involving the involutory 
integrals of linear dynamical systems. (Abstract 46-3-202.) 

19. D. P. Ling and Leon Recht: Geodesics on a paraboloid of revolu- 
tion. Preliminary report. (Abstract 46-3-180.) 

20. J. J. De Cicco: The horn angle in the geometry of element-series. 
(Abstract 46-1-58.) 

21. A. V. Martin and J. H. Roberts: Two-to-one transformations of 
2-manifolds. Preliminary report. (Abstract 46-3-148.) 

22. Edward Kasner and J.J. De Cicco: The conformal near- Moebius 
transformations. (Abstract 46-1-92.) 

23. G. A. Hedlund: Surfaces of negative curvature and metric transi- 
tivity. (Abstract 46-3-173.) 

24. Everett Pitcher: Homology groups under continuous maps. 1. 
(Abstract 46-5-216.) 

25. I. N. Kagno: On a certain non-separating graph on an orientable 
«face. (Abstract 46-3-178.) 

26. Richard Courant and N. Davids: Minimal surfaces spanning 
closed manifolds. (Abstract 46-3-163.) 

27. William Wernick: Complete sets of logical functions. (Abstract 
46-3-200.) 

28. P. R. Halmos: Statistics, set functions, and spectra. (Abstract 
46-3-144.) 

29. R. P. Agnew and Mark Kac: Translated functions and statisti- 
cal independence. (Abstract 46-3-153.) 

30. A. C. Berry: The accuracy of the Gaussian approximation to a 
sum of independent variates. (Abstract 46-3-156.) 

31. Wolfgang Sternberg: The general limit theorem for probability 
densities. (Abstract 46-5-218.) 

32. W. K. Feller: On the integrodifferential equations of purely dis- 
continuous Markoff processes. (Abstract 46-3-169.) 

33. Abraham Wald: Asymptotically most powerful tests of statistical 
hypotheses. (Abstract 46-3-199.) 

34. R. P. Agnew: On Tauberian theorems for double series. (Abstract 
46-1-43-t.) 

35. Reinhold Baer: Abelian groups that are direct summands of 
every containing abelian group. (Abstract 46-3-155-1.) 

36. Garrett Birkhoff: On a class of positive matrices. (Abstract 
46-3-139-1.) 

37. W. Z. Birnbaum and H. S. Zuckerman: On the properties of a 
collective. (Abstract 46-3-157-t.) 

38. A. B. Brown: On transformation of multiple integrals. (Abstract 
46-3-158-t.) 
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39. L. E. Bush: An asymptotic formula for the average sum of the 
digits of integers. (Abstract 46-3-159-1.) 

40. Sister M. Patricia Callaghan: Generalized Frégier curves. (Ab- 
stract 46-3-161-1.) 

41. R. H. Cameron and W. T. Martin: An unsymmetric Fubini 
theorem. (Abstract 46-3-162-t.) 

42. Nathaniel Coburn: A characterization of Schouten’s and Hay- 
den's deformation methods. (Abstract 46-3-140-1.) 

43. Nathaniel Coburn: Conformal unitary spaces. (Abstract 46-3- 
141-1.) 

44. M. M. Day: The spaces with 0 <p <1. (Abstract 46-3-165-t.) 

45. J. J. De Cicco: The magnilong near-Laguerre transformations. 
(Abstract 46-1-59-/.) 

46. F. G. Dressel: A Stieltjes integral equation. (Abstract 46-3- 
167-1.) 

47. G. A. Hedlund: A new proof for a metrically transitive system. 
(Abstract 46-3-172-t.) 

48. E. V. Huntington: Congressional reapportionment by the method 
of smallest divisors. (Abstract 46-5-208-t.) 

49. Henry Hurwitz: Total regularity of infinite matrix transforma- 
tions. (Abstract 46-3-146-t.) 

50. Edward Kasner and J. J. De Cicco: Transformation theory of 
integrable double-series of lineal elements. (Abstract 46-1-93-1.) 

51. A. N. Lowan: Note on upper bounds of the derivatives of certain 
transcendental functions. (Abstract 46-1-98-t.) 

52. A. N. Lowan and Gertrude Blanch: Analysis of computing 
errors in the process of analytic continuation. (Abstract 46-3-147-t.) 

53. J. K. L. MacDonald: Existence theorems for node and amplitude 
properties near singularities of linear differential equations. (Abstract 
46-3-181-t.) 

54. Saunders MacLane: Note on the relative structure of p-adic fields. 
(Abstract 46-3-182-2.) 

55. Harlan C. Miller: A theorem concerning closed and compact 
point sets which lie in connected domains. (Abstract 46-1-106-1.) 

56. Eric Reissner: On Green’s function of V°V?w =0 for the half plane. 
(Abstract 46-3-185-t.) 

57. L. B. Robinson: The solution of a functional equation on the 
contour of the unit circle. (Abstract 46-5-217-t.) 

58. Peter Scherk: Estimations with integers in the demesne of the 
a- B- hypothesis. (Abstract 46-3-188-t.) 

59. F. K. Schmidt and Saunders MacLane: On inseparable fields. 
(Abstract 46-3-189-t.) 
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60. W. T. Scott: Approximation to real irrationals by certain classes 
of rational fractions. (Abstract 46-3-191-z.) 
61. M. F. Smiley: Measurability and modularity in the theory of 
lattices. (Abstract 46-3-193-t.) 
62. Gabor Szegé: Remarks on a note of R. Wilson and related sub- 
jects. (Abstract 46-3-194-t.) 
63. H. S. Vandiver: Elements of a theory of abstract discrete semi- 
groups. (Abstract 46-3-197-t.) 
64. H. S. Vandiver: On general methods for obtaining congruences 
involving Bernoulli numbers. (Abstract 46-3-198-t.) 
65. H. S. Wall: Continued fractions and totally monotone sequences. 
(Abstract 46-1-130-2.) 
T. R. HoLicrort, 
Associate Secretary 


CORRECTION 


In the report of the meeting of the Society in New York on October 28, 1939, 
which appears in the current volume of this journal, pages 1-5, the following correc- 
tions should be made. 


P. 3, paper 21. Abstract 46-1-17 instead of Abstract 46-1-456. 
P. 4, paper 28. Abstract 45-9-315 instead of Abstract 45-11-315. 
P. 4, paper 30. Abstract 46-1-2-t instead of Abstract 46-1-441-t. 
P. 4, paper 43. Abstract 46-1-32-t instead of Abstract 46-1-471-t. 


JOHN HENRY TANNER—IN MEMORIAM 


On Monday, March 11, 1940, the telephone announced, through- 
out the city of Ithaca, New York, the death of Professor Tanner. He 
had lived very quietly during the last several years, and the end came 
peacefully as the fitting close of a long and useful life. 

John Henry Tanner was born on March 1, 1861, in Fort Plain, New 
York, where he spent most of his early life. He taught in the Clinton 
Liberal Institute from 1883 to 1887, then entered Cornell University, 
graduating in 1891. He was immediately appointed instructor in 
mathematics, promoted to an assistant professorship in 1894, but 
he did not assume this office at once, since he spent the next two 
years studying at Géttingen, under Klein and Hilbert. The second 
of these years was considerably interrupted. In 1894, through the 
efforts of Mr. Tanner, Dr. Ernst Ritter was appointed assistant pro- 
fessor of mathematics at Cornell, and died on the way to Ithaca. 
Then Mr. Tanner visited many of the German universities in the at- 
tempt to find a worthy successor to Ritter; he did not make a final 
selection. During the years 1897-1903 Tanner served as secretary of 
the Faculty of Arts and Sciences at Cornell and served on various 
committees during most of that period. It was in this interval that 
he wrote most of his successful textbooks. In 1904 he was promoted 
to a full professorship, which position he held until 1926, when he re- 
tired with the rank of professor emeritus. 

In 1905 Tanner was elected to the Council of the American Mathe- 
matical Society, in which office he was active in its financial affairs. 
In 1908 he was elected treasurer of the Society, which office he held 
until 1920. In addition to the routine duties of the office, he performed 
valuable service in formulating its financial policy. 

In 1920 Professor and Mrs. Tanner established the Tanner Foun- 
dation to promote mathematical research and instruction at Cornell 
with a gift of $100,000. The income of this sum is to be added to the 
principal for a considerable period before the sum is to be used for 
its final purpose. 

Tanner was an excellent teacher and was well liked both by asso- 
ciates and students. The Tanners always had a welcome both for 
university and townspeople and were particularly generous to stu- 
dents and others who needed help of any kind. 

VIRGIL SNYDER 
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The Probability Integral. By W. F. Sheppard. Cambridge, University 
Press, 1939. 11+34 pp. 


This book contains six tables of values of functions related to the 
function (27)-'/? and was published for the British Asso- 
ciation for the Advancement of Science. It is the seventh volume of 
the series of mathematical tables published by the British Associa- 
tion. The tables may be described as follows: 

Table I. The ratio of the tail area of the normal curve to its bound- 
ing ordinate, with reduced derivatives, at intervals of one-hundredth 
of the standard deviation, to twelve decimal places. 

Table II. The ratio of the tail area of the normal curve to its 
bounding ordinate, with reduced derivatives, at intervals of one- 
tenth of the standard deviation, to twenty-four decimal places. 

Table III. The negative natural logarithm of the tail area of the 
normal curve, for integral multiples of the standard deviation, to 
twenty-four decimal places. 

Table IV. The negative natural logarithm of the tail area of the 
normal curve, with reduced derivatives, at intervals of one-tenth of 
the standard deviation, to sixteen decimal places. 

Table V. The common logarithm of the tail area of the normal 
curve, with reduced derivatives, at intervals of one-tenth of the 
standard deviation, to twelve decimal places. 

Table VI. The common logarithm of the tail area of the normal 
curve, with second central differences, at intervals of one-hundredth 
of the standard deviation, to eight decimal places. 

By the mth reduced derivative of a function f(x) is meant the ex- 
pression h"f™(x)/n!, and in the tabulations the value chosen for 
h is the argument interval. Thus accurate interpolation is made pos- 
sible by the use of the Taylor expansion. The number of reduced 
derivatives given for each entry varies from 3 to 16. 

There is an introduction, by J. O. Irwin, which explains the use 
of the tables clearly. The Introduction also states that the idea of 
preparing such a volume of tables was originally conceived by the 
late Dr. Sheppard, who had in mind a set of tables which would form 
the basis of the computation of the probability integral “to as many 
decimal places as would ever be required.” The work was not com- 
pletely finished by Sheppard; the reduced derivatives in Table II, 
and all of Table VI, were computed by individuals appointed by the 
Committee for the Calculation of Mathematical Tables of the British 
Association. All the tables have been checked. 
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The book is attractively and very legibly printed on paper of good 
quality. 
J. H. Curtiss 


Le Origini del Calcolo Infinitesimale nell’ Era Moderna. By G. Castel- 
nuovo. Bologna, Zanichelli, 1938. 164 pp. 


This book is number 12 of the series Per la Storia ela Filosofia della 
Matematiche, a collection published under the auspices of the 
Italian Istituto Nazionale per la Storia delle Scienze and which 
was founded and directed by F. Enriques, whose name no longer 
appears. After an introductory chapter on Archimedes it reports on 
the growth of the infinitesimal calculus in the sixteenth and seven- 
teenth centuries, beginning with Maurolycus and Commandinus and 
ending with Newton and Leibniz. An appendix contains Newton’s 
“Tractatus de quadratura curvarum” (1704) and Leibniz’ “Nova 
methodus pro maximis et minimis” (1684) in an Italian translation 
with notes by Professor E. Carruccio. Professor Vacca has given 
valuable advice in the composition of the book. 

The distinguished geometer of the University of Rome has given 
an unusually clear picture of the different steps which the mathe- 
matics of the infinitesimal took in its formative years. “I have tried 
to show in the clearest possible way how the new science originated 
when the antique conceptions of Archimedes’ genius were fertilized 
with the new doctrines of algebra and analytical geometry on one 
side, and of dynamics (or better cinematics) on the other,” he writes 
in the preface. Though he gives a brief sketch of the lives of each of 
the great contributors, he intentionally avoids discussion of the many 
personal and priority squabbles which characterized some of their 
work. Concentrating on the major figures, he has been able to recon- 
struct before our eyes the important results which gradually com- 
pleted the structure of the differential and integral calculus. He uses 
a number of more recent papers, especially some written by Italian 
historians, and adds some interesting information in the concise 
bibliographies which end each chapter. 

The reader will be wise to compare this book with the recent book 
of C. B. Boyer, The Concepts of the Calculus (Columbia University 
Press, New York, 1939), which discusses a larger period and also 
penetrates deeper into the philosophical arguments which formed an 
important aspect of the study of the infinitesimals from the time of 
Zeno to the time of Cantor, but has not Castelnuovo’s wealth of 
mathematical details. A sociological study of the development of the 


1940] BOOK REVIEWS 377 


calculus, which can only explain its rise and growth in the sixteenth 
and seventeenth centuries, still has to be written. 


D. J. Strurx 


Algebren. By M. Deuring. (Ergebnisse der Mathematik, vol. 4, no. 1.) 
Gruppen von linearen Transformationen. By B. L. van der Waerden 
(Ergebnisse der Mathematik, vol. 4, no. 2.) Berlin, Springer, 1935. 
5+143 and 3+91 pp., respectively. 


The theory of algebras, now about to enter the second century of 
its existence, constitutes today an integrating part of algebra and 
arithmetics. The most fundamental step in its development seems to 
have been the introduction of general reference fields, essentially due 
to Wedderburn. In order to describe approximately the degree of 
generality we may say that Wedderburn’s theory holds at least for 
those fields which obey the theory of Galois. We quote from Dick- 
son’s Linear Algebras (1914): “Any linear associative algebra over 
a field F is the sum of a semisimple algebra and a nilpotent invariant 
subalgebra (the radical) each over F. A semisimple algebra is either 
simple or the direct sum of algebras over F. Any simple algebra over 
F is the direct product of a division algebra and a simple matrix alge- 
bra each over F.” 

Other results are found in Dickson’s book Algebras and their Arith- 
metics (1923), which concludes with an instructive list of unsolved 
problems: (I) the determination of all division algebras, (II) the 
classification of nilpotent algebras, the discovery of relations between 
an algebra and its maximal nilpotent invariant subalgebra (the radi- 
cal), (III) theory of non-associative algebras, and (IV) theory of 
ideals in the arithmetic of a division algebra and the extension to 
algebras of the whole theory of algebraic numbers. 

Progress in the study of problems II and III has been moderate, 
in the sense that we have many beautiful special results but no general 
theory. 

As to problems I and IV, our knowledge has advanced consider- 
ably, to say the least; this advance is reported in Deuring’s report 
Algebren and Albert’s Colloquium lectures Structure of Algebras. We 
quote both authors in saying that R. Brauer, H. Hasse, E. Noether 
and A. A. Albert have given the solution of problem I for algebraic 
number fields. From the authors who contributed to the solution of 
problem IV we single out (at the expense of others) H. Brandt who 
provided the fundamental idea that a left ideal in one maximal do- 
main of integrity is a right ideal in another, and his pupil Eichler 
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who did much (1936-1938) towards the solution of problem IV with 
respect to ideal classes and units. The reader will find an independent 
account of the ideal theory in the seventh section of Deuring’s book. 

Deuring’s report opens in the spirit of modern abstract algebra 
with a streamlined introduction into the Wedderburn theory; not 
only algebras but rings are considered wherever possible. He then 
proceeds to the theory of matrix representations; following E. Noe- 
ther he shows us what representations by matrices mean to the struc- 
ture of the algebra and vice versa. This part of noncommutative 
algebra leads to the study of simple algebras (section VI); the mathe- 
matical concepts which permit an adequate treatment go back to 
Dickson and R. Brauer. Dickson invented the “cross products” as a 
tool of constructing normal simple algebras and in particular division 
algebras from extension fields Z of F. 

Brauer defines the “Brauer group” of a field F in the following way: 
First of all, normal simple algebras are called equivalent if their 
division algebras are the same; that is, if they are complete matrix 
algebras over the same division algebra. He proves that these classes 
yield an abelian group if direct multiplication is chosen as composi- 
tion. 

The relations between cross products and Brauer group form the 
object of section V which deals with factor sets. Factor sets are sets 
of numbers in commutative fields which enter into the process of 
constructing non-commutative algebras by cross multiplication. We 
find their analogues in various places, as far distant as addition of 
one-digit numbers and generation of rings of operators in a Hilbert 
space. In the special case of cross multiplication which leads to the 
so-called Dickson algebras, they may be reduced to single numbers in 
the reference field F itself; the theory of Brauer classes is brought 
into the closest connection with the theory of norms of the extension 
Z over F. This link between algebras and arithmetic algebraic num- 
bers, foreshadowed in papers of Dickson and Wedderburn, proved 
to be the key to the fundamental theorem on algebras over algebraic 
number fields, which is developed in section VII, on the basis of 
Hasse’s theory of p-adic algebras. The p-adic fields are a generaliza- 
tion of the real and complex numbers, in the sense that they permit 
an analysis on the basis of a limit concept; real and complex numbers 
are more related to geometry, whereas the other p-adic fields (Hen- 
sel’s invention) are related to the arithmetic of the congruence con- 
cept. Algebraic number fields may be imbedded in several ways into 
the complex or real numbers (infinite prime spots, corresponding to 
their conjugates) and the p-adic fields of Hensel, corresponding to 
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their prime ideals. The division algebras over infinite p-adic fields 
(real or complex) are to be commutative or else quaternion systems, 
the Brauer group having one or two elements. Hasse determined the 
division algebras over the “finite” p-adic fields; they are all of the 
Dickson type and simple explicit constructions are given. Their 
Brauer groups are mapped by an explicit isomorphism on the rational 
numbers modulo 1. Normal simple algebras over an algebraic number 
field are described by their behavior under imbedding of the refer- 
ence field into p-adic fields (fundamental theorem): (a) All except a 
finite number of p-adic imbeddings yield a full matrix algebra; there- 
fore the rational number modulo 1 (Hasse symbol), which belongs 
to the prime spot and indicates the p-adic Brauer class, is 0 except 
for a finite number of cases. (b) If and only if all these numbers are 
0 we have a complete matrix algebra; two algebras are equivalent if 
and only if their p-adic Brauer classes and therefore the Hasse sym- 
bols are the same. (c) The sum of the Hasse symbols is always zero 
(law of reciprocity). (d) If Hasse symbols are assigned with the 
only condition that (c) be satisfied, then there exists an algebra with 
these Hasse symbols. (e) Every division algebra is of the Dickson 
type and may be represented as a cross product belonging to a 
cyclotomic field. 

This theorem is certainly one of which every mathematician would 
be proud de porter le nom; an inquiry into the priority situation is 
therefore interesting (and a little dangerous, too). The reviewer ven- 
tures the statement that the full theorem has been found by Hasse, 
Brauer, Noether, that the algebraic part including the “cyclic” 
Brauer group was developed indepéndently by Albert and that the 
arithmetical side was also contained essentially in K. Hey’s disserta- 
tion (1927-1929). 

From the development after the appearance of Deuring’s Algebren 
we shall only cite the subjects Riemann matrices, p-algebras and hy- 
percomplex ideal theory (Albert, Eichler, Weyl, Witt and others). 

The hypercomplex numbers have been in close touch with groups of 
linear substitutions; in fact, the preface to Dickson’s Linear Algebras 
starts with this sentence: “The theory of linear associative algebras 
is essentially the theory of pairs of reciprocal linear groups or the 
theory of certain sets of matrices.” It is therefore natural that B. L. 
van der Waerden’s report on groups of linear transformations should 
contain also the theory of hypercomplex systems and their represen- 
tations. We find there even the most general form of Brauer’s factor 
sets, which Deuring has omitted in his presentation. This (entirely jus- 
tified) omission is due to Deuring’s tendency to present complete theo- 
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ries rather than individual theorems, the state of affairs in the theory 
of algebras permitting this luxury. Such an attitude is not possible 
with respect to groups of linear transformations; the essential reason 
is perhaps that algebras have been studied as representatives of a 
few large types, whereas groups are in many cases individuals or 
representatives of small families. Correspondingly, the essentials of 
the theory which Deuring covers are contained in comparatively few 
papers, whereas van der Waerden had to incorporate explicitly a 
host of individual investigations. If one should examine the Fort- 
schritte der Mathematik, say since 1900, one would hardly find a 
paper related to the subject not mentioned in his book (excepting 
papers on continuous groups which were reserved for another report 
in the same collection). 

Whatever the abstract algebraic method can do in the line of 
unification has been done, as in the theory of the classical linear 
groups (like the orthogonal groups, and so on), or the theory of rep- 
resentations of general classes like hypercomplex systems, finite 
groups, bounded representations of arbitrary groups; but in fields 
like groups of given degree (2, 3, 4), or the representation of indi- 
vidual groups (like modular groups), the special character of the 
problem necessitates a special treatment. 


Max ZoRN 


Mécanique Statistique Quantique. By Francis Perrin. (Traité du Cal- 
cul des Probabilités et de ses Applications, vol. 2, no. 5.) Paris, 
Gauthier-Villars, 1939. 224 pp. 


This book forms a complete introductory outline of modern statis- 
tical mechanics. The first part (five chapters) deals with the rudi- 
mentary notions of classical statistical mechanics of Hamiltonian 
systems, ergodic theory, canonical ensembles, equipartition, coupled 
systems, thermostats, the thermodynamic quantities and laws, with 
applications to perfect gases and radiation. The second part (four 
chapters) introduces the rudiments of the quantum theory and ex- 
tends to systems obeying its laws many of the considerations of the 
first part. The third part (entitled Statistique Quantique des Systémes 
Indiscernables, eight chapters) forms the main body of the work, to 
which the earlier parts form a sort of introduction. The principles of 
indistinguishability and exclusivity are introduced and the Bose- 
Einstein and Fermi-Dirac schemata established. The three laws of 
thermodynamics are then derived from the statistical theory, and 
applications are made to the chemical constants, gaseous degeneres- 
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cence, magnetism, neutron stars, and so on. There follows a chapter 
on statistical kinetics in which the increase of entropy and tendency 
towards statistical equilibrium are treated. The closing chapter deals 
with indistinguishability and exclusivity from the viewpoint of 
symmetric and antisymmetric wave functions. 

The author appears to have imposed two restrictions upon him- 
self: Firstly, the mathematics used is elementary (advanced calculus, 
elementary combinatorial analysis, and Stirling’s formula). The result 
is not merely that he exerts to the full the physicists’ privilege of 
lack of rigor, but rather that, owing to the lack of the universal lan- 
guage and framework of conceptions with which modern mathematics 
would have supplied him, certain subjects are not placed in the clear- 
est light. Thus, to give only one example, in the ergodic theory the 
author assumes all limiting functions to be continuous and hence 
loses sight of the nature of the present-day problem, which is one of 
measurable functions. Secondly, the quantum mechanics used is 
quite rudimentary, consisting solely of the simplest notions of the 
wave equation, quantized orbits and the principles of indistinguisha- 
bility and exclusivity. Thus the great and fundamental questions 
(such as are treated in the last chapters of J. von Neumann’s Mathe- 
matische Grundlagen der Quantenmechanik, and other modern works) 
which are suggested by the very title of the present book are left 
out of consideration. For the most part the method is the enumera- 
tion of possible distributions among states, the approximation by 
Stirling’s formula and the maximizing of the resulting expression 
for the number of complexions, it being assumed that the course of 
the system is through conditions of fhaximum number of complexions. 
The justification of this in the chapter on statistical equilibrium is 
logically rather meagre. Granted these limitations, we feel that the 
author has been most successful. 

One point deserves especial commendation: The author defines in 
the following precise mathematical form the idea of two ergodic 
systems (that is, closed metrically transitive hamiltonian systems) 
“in feeble interaction”: (1) for all calculations for finite time, the 
combined equation of motion is to be taken the same as the combina- 
tion of the two separate equations of motion (that is, without mutual 
potential term); (2) on the other hand, in limits (t— « ), the combined 
system is to be regarded as metrically transitive (that is, HitH2=E 
is to be regarded as the only integral, not Hi=E;\and £2). The 
intuitive notion of feeble interaction is familiar but, to our knowledge, 
it has not been given in such a clean-cut mathematical form. 

We are of the opinion that the very fact which forms the strength of 
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this book is also the source of its weakness, namcly, that it is in last 
analysis only an introductory outline. It is written with the tradi- 
tional French clarity, and will be a useful addition to the library of 
the mathematician taking an interest in modern physics. 

B. O. KoopMan 


Topological Groups. By L. Pontrjagin. Translated by Emma Lehmer. 
Princeton, University Press, 1939. 94299 pp. 


The topological group is a combination of two fundamental mathe- 
matical concepts—group and topological space. A topological group 
G is a group and at the same time a topological space in which the 
group operations in G are continuous. Historically, the concept arose 
from the study of groups of continuous transformations. Pontrjagin 
gives an axiomatic treatment of topological groups. Later he points 
out their connections with continuous transformations as well as with 
other older concepts. In the language of the author: “This book is 
intended for the reader with rather modest mathematical prepara- 
tion.’ This is accomplished very successfully by both the included 
material and its organization. All material needed is precisely for- 
mulated, and in most cases proofs are given. The understanding of 
the text is enhanced by the inclusion of seventy-five examples, which 
deal largely with real numbers, matrices, and vector spaces. The 
author points out questions left unanswered in most of the general 
problems discussed. 

The first three chapters give an excellent introduction to topologi- 
cal groups. Chapter I discusses the usual topics in elementary ab- 
stract group theory. These include normal subgroups, factor groups, 
homomorphisms, the center of a group, direct products, and com- 
mutative groups. In Chapter II a topological space is defined by 
means of axioms in terms of the closure of a set. An equivalent neigh- 
borhood definition is set up and is used extensively. Among the con- 
cepts studied are connectedness, regularity, second axiom of counta- 
bility, compactness, and topological products. Continuous mappings 
are introduced early and have a prominent place in the chapter. 
Chapter III contains the first steps in the theory of topological groups. 
The fundamental relations holding for abstract groups and topologi- 
cal spaces are adapted to topological groups. Additional concepts in- 
troduced include interior (open) mappings and local isomorphsims. 

After the introductory material in the first three chapters, the 
reader may proceed to any one of Chapters IV, VI, or VIII. Chapter 
IV proves that any compact group satisfying the second axiom of 
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countability admits a complete system of representations. The estab- 
lishment of an invariant measure on the group is the first step in the 
proof. Haar gave the first construction of such a measure, but the au- 
thor gives von Neumann’s construction of invariant integration be- 
cause it is simpler. The proof also contains an exposition of the results 
of Peter and Weyl concerning the completeness of the system of func- 
tions arising from irreducible representations. 

The fundamental results of Chapter V, which depend on the theory 
of representations of Peter and Weyl, are due to the author. Locally 
compact commutative groups satisfying the second axiom of counta- 
bility are investigated principally through the construction of a char- 
acter group. It is shown that to such a group G there corresponds a 
group X of the same kind, which is called the character group of G. 
Since the correspondence between G and X is symmetric, any ques- 
tion concerning one of the groups reduces to the corresponding ques- 
tion about the other. When G is compact its character group X is 
shown to be discrete, and conversely. Hence the study of a compact G 
reduces to the study of an abstract group. 

Some of the fundamental problems of Lie groups (which may be 
discrete) are solved in Chapter VI. The results of the chapter are in- 
tended primarily as preparatory material for Chapter VII, in which it 
is shown that the study of compact groups satisfying the second 
axiom of countability can be reduced to the study of Lie groups and 
their limits. The last named chapter contains a positive solution of 
Hilbert’s fifth problem (is every parameter group a Lie group?) for 
compact groups. A positive solution was given in Chapter V for lo- 
cally compact commutative groups. 

Chapter VIII develops the following results (organized and for- 
mulated by Schreier) concerning the connection in the large between 
locally isomorphic groups: Let A be the aggregate of all connected, 
locally connected, and locally simply connected groups which are 
locally isomorphic with one such group G. There exists one and only 
one (up to an isomorphism) simply connected group G* in A, which is 
called the universal covering group of G. Moreover, any group G’ of 
A can be written in the form G*/N, where N is a discrete central nor- 
mal subgroup isomorphic with the fundamental group of G’. The 
chapter contains a satisfying treatment of the fundamental group and 
universal covering space of a topological space. 

The main object of Chapter IX is to show that the local study of 
Lie groups can be reduced to the study of infinitesimal groups. While 
the deeper results of Killing, Cartan, and Weyl in the theory of in- 
finitesimal groups are not taken up here, some are stated without 
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proof. A complete classification of semi-simple Lie groups is given in 
this way. Among the other topics discussed are compact Lie groups 
and groups of continuous transformations. 

This book should prove of invaluable aid both to the beginner in 
the field of topological groups and to the more advanced student. 
While a number of typographical errors were found, they should not 
prove confusing to an alert reader. 


W. T. PUCKETT, JR. 


Statistical Methods. By Paul R. Rider. New York, Wiley, 1939. 9+ 
220 pp. 


This book has two aims: first, to serve as a textbook for an ele- 
mentary course in statistics, and second, to help students with some 
previous knowledge of statistics to gain an insight into the more 
modern methods. It proceeds from some preliminary development of 
the classical theory, through such topics as “Student’s” distribution, 
to the various significance tests associated with the x? and Fisher z 
distributions. The notation of the calculus is used in a number of the 
formulas. However, so much emphasis is placed on the practical ap- 
plications of the theory that the statistical worker who uses the book 
as a laboratory manual will probably not find the mathematical no- 
tation disconcerting, no matter what his previous mathematical train- 
ing may have been. 

The classical theory is presented in Chapters I-IV and the first 
part of Chapter V. Chapters I and II are concerned with the ele- 
mentary theory of frequency distributions, and with averages and 
moments. Chapter III contains a discussion of regression, with an 
exposition of Fisher’s method of handling the normal equations in the 
case of multiple regression. Chapter IV is on simple and multiple cor- 
relation, and deals entirely with the observational theory. In Chapter 
V we find brief descriptive treatments of such topics as the continu- 
ous approximation to the binomial distribution, the normal and 
Gram-Charlier type A distributions, the significance of the difference 
between two means and two proportions, the significance of correla- 
tion coefficients (tested by means of Fisher’s logarithmic transforma- 
tion); and there is also an introduction to the theory of confidence 
limits. In Chapter VI, we are introduced to “Student’s” ¢ distribution 
which is then applied to appropriate problems, such as testing the 
significance of regression coefficients. At the beginning of Chapter 
VII the x? distribution is described, and there follow the usual appli- 
cations to homogeneity tests, tests of goodness of fit, and contingency 
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tables. Yate’s correction for continuity is explained. Chapter VIII, on 
analysis of variance and covariance, is perhaps the climax of the book. 
The Fisher z distribution is presented, and is then applied to sig- 
nificance tests in the theory of linear, curvilinear, and multiple re- 
gression, and to the analysis of variance within and among classes of 
single and paired variates. One of the sections of this chapter contains 
some interesting and hitherto unpublished results by Churchill Eisen- 
hart on absolute criteria in the theory of regression. The last chapter 
is concerned with Fisher’s theory of experimental design, and deals 
with such topics as randomized blocks, factorial design, and con- 
founding. The book contains tables of the normal distribution and of 
t, x?, and z, and concludes with a good index. 

Proofs are given for most of the formulas until the end of Chapter 
IV. From there on, except for one or two trivial algebraic manipula- 
tions, there are no proofs at all. But it is obviously not the purpose of 
the author to go into such matters, and the references to the literature 
in this connection are usually adequate. A much more important 
mathematical criticism of the book is that it is seriously infected by 
the tradition of vagueness which vitiates so much of the original 
work on which it is based. For example, although the book is sup- 
posed to be suitable for a first course, definitions throughout are 
given in extremely sketchy form, usually by means of examples. Then 
too, in a number of cases, which occur both in the early parts of the 
book and in the later parts, technical statistical terms are used with- 
out any explanation or definition at all, it being the apparent inten- 
tion of the author that the appropriate explanations should be sup- 
plied by a teacher. But there is no consistency in these cases; for in- 
stance, the terms “mean” and “standard deviation” are defined for 
observed and continuous distributions, and are then used in a later 
section without further explanation in connection with the binomial 
distribution. Certain less elementary concepts, such as statistical in- 
dependence and degrees of freedom, are never defined, although used 
repeatedly; and of course no explanation is ever given as to what is 
meant by the words “population” or “universe.” There are a number 
of loose statements, such as the following one on page 104: “It may 
be noted that the denominator of (11) is the expected value of the 
population variance as estimated from the sample.” (Expected value 
had been used in the technical sense previously in the book; and if 
this statement happens to mean that the population variance is the 
expected value of the denominator, then it is simply false.) It is also 
worth mentioning that in the applications of the z-test to the analysis 
of variance, nothing is ever said as to whether or how the hypothesis 
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of the z distribution as to independence of the estimates of the vari- 
ance is satisfied. 

But from a less rigorous point of view, there are many features in 
the book which are commendable. Some of these have already been 
indicated in our description of the contents; but special mention 
should be made of the fact that every significant piece of theory is il- 
lustrated with an illuminating numerical example, and there is a 
generous number of good exercises at the end of each chapter. 

It is the reviewer’s personal opinion that the book would be suc- 
cessful in its first aim (as a classroom text for a first course in statis- 
tics) only if it were used to supplement a set of lectures by a skillful 
teacher. But for the more advanced student of statistics who is not 
entirely familiar with the methods of Fisher and his followers, the 
book should prove to be a valuable reference work. Comparison is 
inevitable in this connection with Fisher’s well known text, Statis- 
tical Methods for Research Workers,' for Rider covers somewhat the 
same theoretical ground and will appeal to much the same group of 
readers. Although there is something to be said for Fisher’s omission 
of almost all mathematical notation when writing for these readers, it 
seems to the reviewer that wherever there is overlapping between the 
two books, Rider definitely excels in organization of material and 
clarity of presentation. This is not meant to imply that Rider should 
supplant Fisher in the statistical workers’ library. Fisher’s book con- 
tains a great many valuable suggestions, explanations, and warnings 
(and also dogmatic assertions) concerning experimental technique 
which are not to be found in Rider. But as a companion volume, and 
as a sort of translation of some of the more obscure passages in Fish- 
er’s book, Rider should immediately find an important place. 

J. H. Curtiss 


The Mathematical Theory of Huygens’ Principle. By B. B. Baker and 
E. T. Copson. Oxford, Clarendon Press, 1939. 7+155 pp. 


This work is the first of a series of monographs planned by the au- 
thors on the mathematics of physics. Each monograph is to be com- 
plete in itself and deal with some special topic in the theory of the par- 
tial differential equations of mathematical physics not adequately 
treated in existing books. 

The aims of the authors are admirably achieved in the first mono- 
graph which deals with the mathematical theory of Huygens’ princi- 
ple in the propagation of sound and light waves. The theme of the 
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work is the general theory of the solution by Green’s method of the 
partial differential equations governing these phenomena. 

Huygens’ principle is a well known elementary method for treating 
the propagation of waves. The method assumes that a spherical 
wavelet starts out with velocity c from each point of a given wave 
front at time ¢=0. Each wavelet will have a radius ct at time ¢, and 
the envelope of these wavelets is taken to be the resulting wave front 
at this later time ¢. A difficulty arises in that this geometrical con- 
struction would give a wave traveling backward, as well as one travel- 
ing forward. To avoid this difficulty it is necessary to generalize Huy- 
gens’ principle by having recourse to an analysis of the partial differ- 
ential equation governing the wave motion and of the boundary con- 
ditions to be satisfied. 

Chapter I deals with an analytical formulation of Huygens’ princi- 
ple for wave fields described by a single wave function. The physical 
example taken to illustrate this theory is the propagation of sound 
waves in which the wave function is the scalar velocity potential. 
Poisson’s solution of the wave equation is shown to justify Huygens’ 
construction for isolated spherical or plane sound waves generated by 
an initial temporary disturbance. Similarly Helmholtz’s solution is 
shown to justify Huygens’ principle for periodic trains of waves. Fi- 
nally sound waves of any structure and origin are treated by means of 
a general theorem due to Kirchhoff. The chapter closes with a dis- 
cussion of the solutions of the equation of cylindrical waves by Weber 
and Volterra. In this connection the recent important work of Pro- 
fessor Marcel Riesz is described in detail. 

Chapter II gives an account of the diffraction of light by a black 
screen on the basis of Kirchhoff’s theory according to which the field 
of a train of light waves may be described by a single scalar potential. 
Maggi’s transformation is introduced by means of which the wave 
function of the diffracted light is expressed as a line integral along the 
rim of the diffracting screen. The diffraction of plane and spherical 
waves by a black half-plane is considered in detail. 

The phenomenon of the polarization of light can be accounted for 
on the basis of the electromagnetic theory of light according to which 
the field of radiation can be described as a vector field. Chapter III is 
devoted to a formulation of Huygens’ principle for electromagnetic 
waves in a vacuum. The Larmor-Tedone formulation and Kottler’s 
formulation are compared. The diffraction of polarized light by a 
black screen is discussed from Kottler’s point of view. 

Chapter IV is devoted to an account of Sommerfeld’s theory of the 
diffraction of polarized light by a perfectly reflecting half-plane and of 


388 BOOK REVIEWS [May 


Voigt’s theory of the diffraction of polarized light by a black half- 
plane. The method of many-valued wave-functions and Riemann 
surfaces is employed. 

The standard of knowledge expected of the reader of this work is 
that of a graduate student who has completed the usual courses in 
analysis and electromagnetic field theory. Twenty-three exercises are 
provided in the first three chapters. The text is replete with footnote 
references to papers that have appeared in the literature up to 1939. 
By rigor of logical treatment and careful attention to detail the au- 
thors have produced a critical treatise which will undoubtedly be- 
come a standard reference work. 


W. E. BLeick 


Modern Elementary Theory of Numbers. By Leonard Eugene Dickson. 
Chicago, University Press, 1939. 305 pp. 


The first few chapters of this book contain, with minor exceptions, 
the same material as the corresponding chapters of Dickson’s Intro- 
duction to the Theory of Numbers. This may lead those familiar with 
the earlier book to think that this is a new edition of that book. It is 
much more than that. Where the topics are the same the explanations 
are lengthened, more proofs included, examples worked to give clarity 
to the text and the number of exercises increased. Beginning with the 
fifth chapter the book is almost completely rewritten. New material 
and modern topics are introduced. Here Dickson has been able to of- 
fer more simply some of the work in theory of numbers that has been 
in the literature in recent years and to obtain some new results. 

Chapters I through IV deal with divisibility, congruences and their 
solutions, quadratic residues and binary quadratic forms. Dickson 
states in his preface that these with a few chosen topics from the 
chapters on indefinite ternary quadratic forms and Diophantine 
equations would provide a brief elementary course. 

Quadratic forms are the subject of several of the later chapters. In 
Chapter V a study is made of the numbers represented by various 
ternary quadratic forms with numerical coefficients. A table is given 
consisting of 102 regular forms and all positive integers not repre- 
sented by each form. Chapter VIII treats of indefinite ternary quad- 
ratic forms, universal and zero forms. Here the problem of repre- 
sentation of integers by indefinite forms whose coefficients involve 
parameters is studied. The necessary and sufficient conditions for in- 
tegral solutions of indefinite quadratic forms in four or more variables 
where the form equals zero are found in Chapter IX. And Chapter 
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XIII gives a brief discussion of positive quadratic forms in nm varia- 
bles. 

In Chapters VI and VII Dickson has considered universal theorems 
involving cubes and sums of nine values of a cubic function. He says 
that “simplifications are made in the present exposition which also 
obtains more than 6000 universal forms, each a sum of 9 products of 
a cube by a positive integer.” Here and in Chapter XII are proved 
particular cases of Waring’s problem. 

The conditions for the solution of a quadratic and linear function in 
4, 5, 6, 7 and 8 variables are found in Chapter X and theorems on 
polygonal numbers. 

Chapter IX gives a general theory of homogeneous, quadratic dio- 
phantine equations. This is a new topic and many exercises are given. 

In the appendix, after a brief study of infinite series is a proof of the 
infinitude of primes in an arithmetical progression. This theorem is 
assumed in some of the earlier chapters. 

; CAROLINE A. LESTER 


Principles of the Mathematical Theory of Correlation. By A. A. Tschu- 
prow. Translated by M. Kantorowitsch. London, Hodge; New 
York, Nordemann, 1939. 10+194 pp. 


In 1925 Tschuprow published his Grundbegriffe und Grund probleme 
der Korrelationstheorie. The foundation of the book was a series of 
lectures given in the insurance seminar of the University of Christi- 
ania (now Oslo). It was not intended to be a guide to the calculation 
of measures of relationship but to provide a logical foundation for the 
theory of correlation, to clarify fundamental notions and assumptions 
and tolink up the theory of correlation with the theory of probability. 

This German edition, which has since become a very well known 
work, was reviewed in the Bulletin in 1926 (vol. 32, p. 561), so we are 
concerned here only with the translation into English. It is a straight- 
forward translation with the exception of the “Notes and Bibliog- 
raphy.” Here the translator substituted a survey of contemporary 
English literature on correlation for the author’s introductory notes. 
One may question the advisability of a translation of a 15 year old 
book on a statistical subject, but the modern student after reading a 
random sample of the chapters on correlation in our recent text books 
will find the reading of Tschuprow’s book a real tonic. The translation 
is very well done, accurate but not too literal. Though it is regrettable 
that the translation was so long in coming, the book will fill a real 
need, even if it does not contain more recent developments. 

A. R. CRATHORNE 
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Variationsrechnung im Grossen (Theorie von Marston Morse). By H. 
Seifert and W. Threlfall. Leipzig and Berlin, Teubner, 1938. 115 
Pp- 

The purpose of this book is to give an expository account of Morse’s 
theory of the calculus of variations in the large. The approach is, nat- 
urally, that of the topologist, and not the analyst. No attempt is 
made to present the theory in its most comprehensive form; general- 
ity is often successfully sacrificed on behalf of clearness of exposition. 
For example, in the critical point theory, singular cycles are used in- 
stead of Vietoris cycles, and a continuous function is used where lower 
semicontinuity or even less would do, while in the analysis more dif- 
ferentiability conditions than necessary are assumed in order to avoid 
analytic complications. Topologically the book is self-contained; 
whereas results from the calculus of variations are assumed. Things 
such as the “index form,” which constitute a bridge between classical 
calculus of variations and the new developments in the large, are 
omitted. As a result, the book is excellent both for the calculus of 
variations student who wishes to learn about the modern develop- 
ments in his field, and for the topologist who wishes to become ac- 
quainted with an important and fascinating application of his field to 
analysis without becoming involved in too many analytic details. 
S. B. Myers 


NOTES 


The Society for the Promotion of Engineering Education will hold 
its 48th Annual Meeting at the University of California in Berkeley, 
June 24 to June 28. 


The Francoeur Prize of the French Academy of Sciences has been 
awarded to Professor Brelot of the University of Bordeaux for his 
work on harmonic functions. 


The Petit D’Ormoy Prize of the French Academy of Sciences has 
been awarded to Professor G. Valiron of the University of Paris for 
his work in mathematics. 


Mr. C. E. Shannon, assistant in mathematics at the Massachusetts 
Institute of Technology, has been awarded the Alfred Noble Prize 
of $500 by the American Institute of Electrical Engineers. 


Professor J. L. Coolidge of Harvard University will retire on Sep- 
tember 1, 1940, with the title Professor of Mathematics Emeritus and 
Master of Lowell House Emeritus. Professor Coolidge has been a 
member of the department of mathematics for forty years and master 
of Lowell House for ten years. © 


Professor Arnold Emch of the University of Illinois, whose retire- 
ment was announced on page 22 of the current volume of this Bulle- 
tin, has been given the title of professor emeritus. 


The School of Mathematics of the Institute for Advanced Study 
is building up its own library in the fields of mathematics and theo- 
retical physics. Any offers of secondhand books or sets of periodicals 
from private owners or of duplicates from libraries, addressed to the 
Librarian, Institute for Advanced Study, Princeton, N. J., will re- 
ceive careful consideration. 


The following ninety-nine doctorates, with mathematics or math- 
ematical physics as a major subject, were conferred during 1939 in 
universities in the United States and Canada; the major subject is 
mathematics unless otherwise specified. The university, month in 
which the degree was conferred, minor subject (other than mathe- 
matics), and the title of the dissertation are given in each case if 
available. 


H. W. Alexander, Princeton, June, The réle of the mean curvature in 
the mmersion theory of surfaces. 
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Warren Ambrose, Illinois, June, minor in astronomy, Some proper- 
ties of measurable stochastic processes. 


H. A. Arnold, California Institute of Technology, June, minor in 
physics, The theory of operational equations and differential equations 
tn Kantorovitch spaces. 


Margaret E. P. Baxter, Michigan, February, On the geometry of the 
Dirac equations. 


Marjorie H. Beaty, Colorado, August, On the complex roots of alge- 
braic equations. 


Dorothy L. Bernstein, Brown, June, The double Laplace integral. 


E. E. Betz, Pennsylvania, June, Accessibility and separation by sim- 
ple closed curves. 


C. J. Blackall, Cornell, September, On volume integral invariants of 
non-holonomic dynamical systems. 


R. C. Blackwell, North Carolina, June, Cubics having r-point con- 
tact with a plane curve. 


Augusto Bobonis, Chicago, December, Differential systems with 
boundary conditions involving the characteristic parameter. 


Achille Capecelatro, Rensselaer Polytechnic Institute, June, minors 
in physics and engineering, The complementary function of fractional 
integration. 


W. B. Caton, Yale, June, A class of inequalities. 


C. L. Critchfield, George Washington, June, major in mathemati- 
cal physics, The theory of nuclear forces and their spin-dependence un- 
der the pair-emission hypothesis. 


A. W. Davis, Iowa State, July, minors in physics and mathematical 
physics, Differentiable and continuity properties of solutions of certain 
partial differential equations of applied mathematics. 


M. M. Day, Brown, June, I. Regularity of function-to-function 
transformations. I1. Linear methods of summability. 


R. P. Dilworth, California Institute of Technology, June, minor in 
physics, The structure and arithmetical theory of non-commutative resid- 
uated lattices. 


T. C. Doyle, Princeton, June, Tensor decomposition: with applica- 
tions to the contact and complex groups. 
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P. L. Dressel, Michigan, June, A study of statistical seminvariants 
and their estimates with particular emphasis on their relation to algebraic 
seminvariants. 


R. J. Dunholter, Cincinnati, June, A sequence of factors which leaves 
a class of double Fourier series unchanged. 


J. J. Eachus, Illinois, June, minor in physics, Regular solutions of 
non-linear q-difference systems. 


J. E. Eaton, Yale, June, Associative multiplicative systems. 


R. A. Favila, California (Berkeley), May, On the projective differ- 
ential geometry of certain systems of linear homogeneous partial differen- 
tial equations of the first order, with special application to stratifiable 
congruences. 


J. W. Foust, Michigan, February, major in education, The con- 
struction of a standardized test in functional thinking. 


R. H. Fox, Princeton, June, On the Lusternik Schnirelmann cate- 
gory. 

Cleota G. Fry, Purdue, June, minor in physics, Asymptotic develop- 
ments of certain integral functions. 


B. E. Gatewood, Wisconsin, October, Thermal stresses in long cy- 
lindrical bodies. 


R. E. Greenwood, Jr., Princeton, June, Hankel series. 


Harriet Griffin, New York, June, minor in physics, The abelian 
quast-group. 


Leon Gropper, New York, February, major in mathematical phys- 
ics, Quantum theory of the equation of state of a gas. 


G. L. Gross, Iowa State, July, minors in physics and mathematical 
physics, Use of functionals in obtaining approximate solutions of linear 
operational equations. 


P. J. Hart, lowa State, July, major in applied physics, minors in 
mathematics and mathematical physics, The determination of elastic 
constants by Piezo-elastic methods. 


Morris Hendrickson, Ohio State, September, Some properties of ar- 
bitrary functions. 


H. H. Howe, George Washington, February, major in mathemati- 
cal physics, The rotational Raman effect for the asymmetric-top molecule. 
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S. A. Jennings, Toronto, June, On the structure of the group-ring of 
a p-group over a modular field. 


R. N. Johanson, Chicago, June, Ruled surfaces with intersecting gen- 
erators. 


Laura L. Johnson, Colorado, June, On the diophantine equation 
x(x+1)--- (x+n—1)=y*. 


R. P. Johnson, Pittsburgh, June, Conical roulettes. 
I. N. Kagno, Columbia, March, Perfect subdivision of surfaces. 


Wilfred Kaplan, Harvard, June, Regular curve-families filling the 
plane. 


Chosaburo Kato, Ohio State, December, Configurations ns3. 


E. S. Kennedy, Lehigh, October, Exponential analogues of Lambert 
series. 


J. M. Kingston, Toronto, June, Special abstract groups. 


Fulton Koehler, Minnesota, June, minor in physics, Systems of or- 
thogonal polynomials on certain algebraic curves. 


C. F. Kossack, Michigan, June, The existence of collectives in ab- 
Stract space. 


K. S. Kunz, Cincinnati, June, major in mathematical physics, On 
the classical theory of radiating electrons. 


A. W. Landers, Jr., Chicago, December, Invariant multiple inte- 
grals in the calculus of variations. 


Mary K. Landers, Chicago, December, The Hamilton-Jacobi theory 
for the problems of Bolza and Mayer. 


Yuan Lay, Michigan, June, The imbedding of the skew part of a 
bilinear function in linear associative algebras. 


R. A. Leibler, Illinois, June, minor in astronomy, Analytic theory of 
non-linear singular differential systems whose associated systems are of 
Fuchsian type. 


A. O. Lindstrum, Jr., Illinois, June, minor in physics, Functions of 
a complex variable determined by their values on non dense sets. 


A. T. Lonseth, California (Berkeley), May, The problem of Plateau 
in hyperbolic space. 
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Samuel Lubkin, New York, June, minor in physics, Stability of 
columns under periodically varying loads. 


W. C. McDaniel, Wisconsin, June, The deflection of an orthotropic 
plate. 


W. G. McGavock, Duke, June, minor in education, Annthilators of 
quadratic forms with applications to Pfaffian systems. 


Brockway McMillan, Massachusetts Institute of Technology, 
June, minor in physics, The calculus of the discrete homogeneous chaos. 


Roy MacKay, Michigan, February, Planarity of peano spaces in 
terms of homology bases. 


Bella Manel, New York, June, minor in physics, Conformal map- 
ping of multiply connected domains on the basis of Plateau’s problem. 


J. C. Mark, Toronto, June, On the modular representations of the 
group GLH(3, p). 

W. H. Myers, Stanford, September, minor in physics, The Sylow 
subgroups of odd order of the primitive simple linear groups in five varia- 
bles. 


H. M. Nahikian, North Carolina, August, Conditions that a matrix 
B be expressible as a polynomial in a set of partial idempotent and nil- 
potent elements of a matrix A, with applications to the solution of matric 
equations. 


Sara L. Nelson, Cornell, June, Cremona transformations belonging 
to a family of cubic curves. 


E. A. Nordhaus, Chicago, August, The problem of Bolza for double 
integrals in the calculus of variations. 


Katharine E. O’Brien, Brown, June, Some problems in interpolation 
by characteristic functions of linear differential systems of the fourth 
order. 


L. F. Ollmann, Michigan, June, On joining finite subsets of planar 
Peano spaces by simple closed curves. 

H. V. Park, North Carolina, June, Conditions on two singular mat- 
rices A and B such that AB and BA may have the same reduced charac- 
teristic function. 


R. S. Phillips, Michigan, June, Integration in a convex linear topo- 
logical space. 
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Martha H. Plass, Massachusetts Institute of Technology, October, 
minor in physics, Ruled surfaces in Euclidean four space. 


E. D. Rainville, Michigan, June, Linear differential invariance un- 
der operators related to the Laplace transformation. 


Adrienne S. Rayl, Chicago, August, Stability of permanent configu- 
rations in the problem of four bodies. 


P. V. Reichelderfer, Ohio State, June, Some properties of continuous 
transformations in the plane. 


H. J. Riblet, Yale, June, Algebraic differential fields. 
V. N. Robinson, Chicago, June, Generalized intersector varieties. 


D. H. Rock, Iowa State, June, minors in physics and physical 
chemistry, Finite strain analysis in elastic theory. 


Clarence Ross, Washington, August, Periodic orbits for straight-line 
solutions of the n-body problem. 


Abraham Schwartz, Massachusetts Institute of Technology, June, 
minor in physics, The Gauss-Codazzi-Ricci equations in Riemannian 
manifolds. 


H. M. Schwartz, Pennsylvania, June, A study of a certain class of 
continued fractions. 


C. E. Sealander, Iowa, August, Am irregular third-order boundary 
value problem and the associated series, II. 


C. L. Seebeck, Jr., North Carolina, June, Vectors associated with a 
curve in a Riemann n-s pace. 


C. B. Smith, Wisconsin, June, minor in physics, Thermo-elastic be- 
havior of composite plates. 


C. V. L. Smith, Harvard, June, The fractional derivative of a Laplace 
integral. 


W. S. Snyder, Ohio State, June, On functions of squares. 


D. E. South, Michigan, February, The characteristics of correlation 
surfaces which are the sum of two normal components. 


K. H. Stahl, Pittsburgh, June, A note on plane collineations. 


Ellen C. Stokes, Chicago, December, Applications of the covariant 
derivative of Cartan in the calculus of variations. 


1940] NOTES 397 


R. E. Street, Harvard, February, Non-linear equations of electro- 
dynamics based upon Birkhoff’s postulates. 


W. C. Strodt, Columbia, May, Irreducible systems of algebraic dif- 
ferential equations. 


B. J. Tepletsky, Ohio State, June, Stability and periodicity of solu- 
tions of Mathieu's equation. 


G. R. Thurman, Missouri, August, The geometry of spheroidal 
spaces and properties of pseudo-spheroidal sets. 


L. W. Tordella, Illinois, June, minor in philosophy, A classification 
of groups of order P*, P an odd prime. 


Esther M. Torrance, Brown, June, Superposition on monotonic 
functions. 


H. C. Trimble, Wisconsin, March, On the ring of matrices commuta- 
tive with a given matrix. 


J. W. Tukey, Princeton, June, On denumerability in topology. 


E. P. Vance, Michigan, June, Generalizations of non-alternating and 
non-separating transformations. 


Mary C. Varnhorn, Catholic University, June, minors in education 
and philosophy, Some properties of the quartic function of one variable. 


R. K. Wakerling, California (Berkeley), May, On the loci of the 
(k+1)-secant k-spaces of a curve in r-space. 


A. D. Wallace, Virginia, June, On interior and related transforma- 
tions. 


J. A. Ward, Wisconsin, October, A theory of analytic function and 
linear associative algebras. 


F. J. Weyl, Princeton, June, Analytic curves. 


G. A. Whetstone, Washington, August, minor in mechanical engi- 
neering, Some differential systems which remain passive under trans- 
formation. 


The following doctorate was conferred in 1938, but was not in- 
cluded in the list in the preceding volume of this Bulletin (vol. 45, 
pp. 350-353). 


B. J. Topel, Notre Dame, August, A set of postulates for the ratio 
of 
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Dr. Marjorie Heckel Beaty has been appointed to an assistant pro- 
fessorship at the University of South Dakota. 


Associate Professor H. R. Brahana of the University of Illinois has 
been promoted to a professorship. 


Professor C. T. Bumer of Kenyon College has been appointed Pea- 
body Professor of Mathematics. 


Dr. Josephine H. Chanler of the University of Illinois has been 
made an associate in mathematics. 


Professor Abraham Cohen of Johns Hopkins University has retired. 


Dr. Myrtle Collier has been made chairman of the department of 
mathematics at Immaculate Heart College, Los Angeles. 


Mr. J. L. Kelley of the University of Virginia has been appointed to 
an assistant professorship at the University of Notre Dame. 


Rev. J. H. Kenna of the University of Notre Dame has been pro- 
moted to an assistant professorship. 


Assistant Professor D. H. Lehmer of Lehigh University has been 
appointed to an assistant professorship at the University of California 
at Berkeley. 


Dr. Norman Levinson of Massachusetts Institute of Technology 
has been promoted to an assistant professorship. 


Dr. Hans Lewy of the University of California at Berkeley has been 
promoted to an associate professorship. 


Dr. A. N. Milgram of the University of Notre Dame has been pro- 
moted to an assistant professorship. 


Professor John von Neumann of the Institute for Advanced Study 
has been appointed to a professorship in mathematics at the Univer- 
sity of Washington for the first term of the 1940 summer quarter. 


Professor J. O. Patterson of St. Charles Seminary, Overbrook, 
Philadelphia, has retired. 


Dr. P. M. Pepper of the University of Notre Dame has been pro- 
moted to an assistant professorship. 


Professor L. J. Rouse of the University of Michigan is on leave of 
absence this semester. 


Professor J. D. Tamarkin of Brown University and Professor Emil 


1940] NOTES 399 


Artin of the University of Indiana will lecture during the 1940 sum- 
mer quarter at Stanford University. 


Professor J. H. Taylor of George Washington University is on leave 
of absence this term. 


Associate Professor W. J. Trjitzinsky of the University of Illinois 
has been promoted to a professorship. 


Associate Professor C. C. Wylie of the University of Iowa has been 
promoted to a professorship of astronomy. 


The following appointments to instructorships are announced: Al- 
legheny College, Meadville, Pennsylvania: Mr. J. A. Joseph; Brook- 
lyn College: Dr. Moses Richardson; Catholic University of America: 
Dr. J. F. Daly; Johns Hopkins University: Dr. C. H. Dowker; 
Massachusetts Institute of Technology: Dr. Eric Reissner, Dr. D. C. 
Spencer: University of Notre Dame: Dr. C. V. Robinson; Purdue 
University: Mr. R. C. Davis; University of Virginia: Mr. P. A. White; 
University of Washington: Dr. H. S. Zuckerman; Woodrow Wilson 
Junior College, Chicago: Dr. Bernard Friedman. 


Professor L. Hopf of the University of Aachen died December 21, 
1939. 


The death of Dr. Johannes Tropfke of Berlin on November 10, 
1939, is reported. 


Professor Emeritus U. S. Hanna of Indiana University died on 
February 18, 1940, at the age of seventy-five years. He had been a 
member of the Society for thirty-two years. 


Professor A. W. Smith of Colgate University died on February 11, 
1940, at the age of sixty-three years. He had been a member of the 
Society since 1905. 
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ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


203. J. W. Calkin: A quotient ring over the ring of bounded operators 
in Hilbert space. I. 


Let B denote the ring of bounded everywhere defined operators in Hilbert space $- 
The subset G of totally continuous operators is a two-sided ideal in B in the ordinary 
algebraic sense, and the quotient ring B/©O can be constructed in the usual way; 
moreover, since © is closed with respect to the operation *, this operation can be de- 
fined in B/D too. Defining a norm in B/G by the equation |a| =g.1.b.|A|, A in a, 
where | A | is the bound of the operator A in §, the author shows that B/® is a com- 
plete metric space. Further, he shows that there exists a unitary space % (nonsepa- 
rable, however) and a set 2 of bounded everywhere defined operators in % which is 
a (+, -, *)-isomorphism of B/G. In addition, if T(a) denotes the element of JC 
corresponding to a in B/©, the bound of T(a) is |a|. Thus the correspondence 
B/G—M is an isometry, and M is an algebraic ring of operators closed in the uni- 
form topology. Other results are: If 3 is an arbitrary two-sided ideal in B, either ISO 
or 3=B. Every self-adjoint transformation T(a) in 2 has a pure point spectrum. 
(Received February 24, 1940.) 


204. J. W. Calkin: A generalization of a theorem of Weyl. 


The paper defines the augmented resolvent set of a bounded operator A in Hilbert 
space © as the set of values of \ such that R(A —AJ), the range of A —NJ, is closed, 
while § © R(A—XI) and the manifold of zeros of A—XI each have a finite 
dimension number. It then proves, by recourse to very simple properties of the homo- 
morphism B-»2¥ defined in abstract 46-5-203, that two operators A and B whose 
difference is totally continuous have the same augmented resolvent set. Since, for a 
self-adjoint A, the complement of this set is precisely the set of Hiufungspunkte of 
the spectrum of A in the sense of Weyl (Rendiconti del Circolo Matematico di 
Palermo, vol. 27 (1909), pp. 373-392), Weyl’s theorem to the effect that the latter 
set is the same for any two self-adjoint operators whose difference is totally continuous 
follows at once. (Received February 24, 1940.) 


205. J. W. Calkin: Functions of several variables and absolute con- 
tinutty. I. 

The author studies various properties of real- and complex-valued functions of 
n real variables which are potential functions of their generalized derivatives in the 
sense of G. C. Evans. It is shown that every such function is equivalent to a function 
differentiable with respect to each variable almost everywhere (previously proved by 
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Evans for the case n=2) and various kinds of approximation to such functions are 
considered. In particular, it is shown that a sequence {f,} of such functions defined 
on an open set, which converges there together with the sequences of partial deriva- 
tives in the mean of order p21, has a limit which is a function of the same type. 
(Received February 24, 1940.) 


206. Roy Dubisch: Non-cyclic algebras of degree four and exponent 
two with pure maximal subfields. 


In a paper published in this Bulletin (vol. 44 (1938), pp. 576-579), A. A. Albert 
proved the falsity of the converse of the well known proposition that a cyclic normal 
division algebra contains a quantity 7 whose minimum equation is «"=j in the base 
field of the algebra. His proof consisted of an example of a non-cyclic normal division 
algebra of degree and exponent four over a non-modular field containing a quantity 
jas described above. It is the purpose of this paper to show that the exponent does 
not affect the property, by constructing similarly an algebra of degree four and ex- 
ponent two over the same field. (Received February 17, 1940.) 


207. M.H. Heins: A note on a theorem of Rado. 


Radé6 has shown that there are no (1, m) conformal maps of a multiply-connected 
region of finite connectivity, the boundary of which consists of p disjoint continua, 
onto itself for m>1. His proof is based on the possibility of mapping such a region 
one-to-one and conformally onto a region bounded by # disjoint circles. It is the 
object of the present note to prove this theorem without recourse to the possibility 
of mapping the given region one-to-one and conformally onto a region of canonical 
type. The technique employed consists of a systematic use of the theory of iteration 
and of a simple extension of Nevanlinna’s principle of harmonic measure. This tech- 
nique may be also used to establish the theorem that the number of (1, 1) conformal 
maps of a region of finite connectivity p (greater than 2) onto itself is necessarily 
finite. (Received February 20, 1940.) 


208. E. V. Huntington: Congressional reapportionment by the meth- 
od of smallest divisors. . 


It was shown in a former paper (Transactions of this Society, vol. 30 (1928), pp. 
85-110) that there are five possible methods of apportioning representatives in Con- 
gress, and that the method of equal proportions has the property of putting each 
state as nearly as may be on a par with every other state, both with respect to con- 
gressional districts and with respect to individual shares. It is shown in the present 
note that the method of smallest divisors has the property of minimizing the sum of 
the congressional districts. This method may therefore be called the method of mini- 
mum (total) load. (Received February 24, 1940.) 


209. E. J. McShane: On the second variation in certain anormal 
problems of the calculus of variations. 


If a curve E,2 is a minimizing curve for a Lagrange problem with variable end 
points, and the order of anormality of E,2 does not exceed 1, there are multipliers 
with which £2 satisfies the Euler equations and transversality conditions and the 
necessary conditions of Weierstrass, Clebsch and Jacobi. Except for the Jacobi con- 
dition, this has been previously proved without restriction on the order of anormality. 
In problems with a single side condition the order of anormality cannot exceed 1, so 
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for such problems there are always multipliers with which the full set of necessary 
conditions is satisfied. By an example it is shown that the restriction on the order of 
anormality cannot be weakened. (Received February 21, 1940.) 


210. Karl Menger: On Green’s formula and the integral of derivatives. 


We define a multiple integral as the limit of its Weierstrass sums, for example 
J/(ap/ay —aq/ax)dxdy as the limit of the sums W(N)=)_{ [p(xi, —p(xi, 
nets N{x;, y;}, when the diagonals of the meshes —x;)?-+(yj41 converge 
toward O. Whenever the Riemann double integral exists, our limit exists and is equal 
to the integral. For a rectangular domain of integration R, whenever p and g are con- 
tinuous on R’, the boundary of R, except perhaps a set of linear measure O, then our 
limit exists and is equal to /pdx+gdy along R’, thus satisfying Green’s formula 
regardless of the behavior of p and g in the interior of R. For, by cancelling the “in- 
terior” terms of W(N) we see that W(N) is a Weisertrass sum of {pdx+gdy along 
R’. The simple integral /2f’(x)dx considered as the limit of its Weierstrass sums 
—f — x2) } is f(b) —f@) for each finite function f, since 
each of the Weierstrass sums has this value. (Received February 15, 1940.) 


211. D. D. Miller: Hereditary properties of continuous transforma- 
tions. Preliminary report. 


Necessary and sufficient conditions are found for non-topological continuous trans- 
formations of various types (for example, monotone, non-separating, non-alternating, 
and so on) to have their defining properties on all subcontinua, or on certain special 
subcontinua, of the space S on which they are defined. Conversely, conditions are 
found under which continuous transformations on a space S, having these properties 
on certain collections of subcontinua, have the same properties on S. (Received Febru- 
ary 24, 1940.) 


212. Rufus Oldenburger and A. E. Porges: The minimal numbers of 
binary forms. 


It was previously proved by one of the authors that the range of the minimal num- 
ber of binary forms of degree u for a field K of characteristic greater than n is either 
1,2,---,mori,2,---,n+1. Inthe present paper by a study of certain determi- 
nants it is shown that the minimal number does not exceed 7 for finite fields of suffi- 
ciently high order. Since the minimal number of x*~y is n, there exists for each p in 
the set 1, 2,---, a form with minimal number p. These results have application 
to the theory of equivalence and factorability of binary forms. (Received February 
24, 1940.) 


213. Rufus Oldenburger: Polynomials in several variables. 


Various aspects of the theory of minimal representation of forms are developed 
in the present paper. It is proved in particular that for almost every field the range 
of the minimal number of forms of degree q in n essential variables overlaps the range 
of this number for forms of lower degree in the same number of essential variables. 
Adding 2 term AL4, where L is linear and ) is in the given field, to a form of degree q 
changes the misimal number by at most 1. The coefficients in a minimal representa- 
tion of a form comprise an invariant minimal class. Two forms are equivalent with 
respect to a given field if and only if their minimal classes with respect to this field 
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are identical. If the minimal number of a form equals the number of essential vari- 
ables in the form, the form has a unique minimal representation, and the problem of 
its equivalence to another form can be answered in a simple fashion. (Received Febru- 
ary 27, 1940.) 


214. Rufus Oldenburger: On a class of non-negative matrices. 


In the present paper the existence of the infinite powers of a fairly general class 
of non-negative matrices arising in the Hardy Cross balancing process of engineering 
is proved. It follows that the associated balancings converge. (Received February 27, 
1940.) 


215. Gordon Pall: On the arithmetic of quaternions. 


This article includes the results of abstract 39-5-137, somewhat generalized. Con- 
ditions for quaternions to have the same right or left factors of a given norm are ob- 
tained. Among other applications the relation between the number of classes of binary 
quadratic forms and representations by sums of three squares is derived in a simple 
way. (Received February 13, 1940.) 


216. Everett Pitcher: Homology groups under continuous maps. I. 


An analogue and extension of the Mayer-Vietoris formulas in the formulation of 
Alexandroff and Hopf (Topologie, I, pp. 287-299) is obtained as follows. Let f be a 
simplicial map on a complex K to a complex L which covers L. Call a chain of K 
vanishing if its image under f is null. Let U* denote the group of vanishing k-cycles 
modulo the subgroup which bound vanishing chains. Let N* be the subgroup con- 
sisting of those classes of cycles which bound on K. Let B*(K), B*(L) denote the groups 
of homology classes of k-cycles on K and L. Let S* denote the group of homology 
classes of k-cycles of L which are images under f. Let T* be the group of homology 
classes of k-cycles of K whose images under f bound. The formulas are the following. 
I. B*(L) mod S*= N*-1, II. B¥(K) mod T*=S*. III. U* mod N*=T*. Of course, II 
is well known. Applications and connections with familiar material seem numerous. 
(Received February 6, 1940.) 


217. L. B. Robinson: The solution of a functional equation on the 
contour of the unit circle. 


The functional equation (I) u’(x) =a(x)u(x?) admits a solution converging within 
the unit circle and on its contour. Also the equation (II) u’(x) =a(x) { u(x?) }? admits 
a solution converging within the unit circle. Does this solution always converge on 
the contour? The following example shows that the answer is negative. A solution of 
the equation u’(x) =(1+x)?{ u(x?) }? is u(x) =1/(1—x) =1+x+22+---, and this 
series diverges on the contour. It is indeed possible to demonstrate that the solution 
of (II) is lacunary, but, as the above example shows, only after making the assump- 
tion a(x)#0 when |x| =1. (Received February 14, 1940.) 


218. Wolfgang Sternberg: The general limit theorem for probability 
densities. 


Let x; (¢=1,--- , m) be independent chance variables, 7; their probability densi- 
ties, a;, b;, c; their mean values, standard deviations and absolute moments of the 
third order, respectively. Denote the probability density of x1+--- +x; (¢=2, 
+++, m) by w;, mean value and standard deviation by A; and B;, respectively. In 


404 ABSTRACTS OF PAPERS [May 


order to simplify the formulas, assume that a;=0 for all 7, so that A;=0, and B, =1. 
Then, ” being a large number, w,(x) lies near the Gaussian probability density 
o(x) =(2x)-/"e-=*/2, if very general assumptions concerning the v; are made. Assume 
that the quotients ¢;/b; are “very small” and that the v;(x) have continuous deriva- 
tives up to the fourth order for all x and state the theorem as follows: For every posi- 
tive ¢ there exists a positive 5, such that the inequality | wa(x) —¢(x)| <e holds uni- 
formly in x if the conditions c;/b; <6 (i=1, - +--+, m) are satisfied. To prove this, in- 
troduce a function ¥(x, y) defined as the solution of dy /dy=(1/2)- 0%) /dx? assuming 
the values w,(x) on the characteristic y=B,. The number r is a certain integer 
(1<r<n) depending on e. It is shown first that | v(x, 1) —¢(x)| <e/2 because B, 
is a small number (this inequality has a simple physical meaning), and second, by 
means of the recursion formula of the w;(x) and the properties of ¥(x, y), that 
| wa(x) —y(x, 1)| <«/2. (Cf. abstract 45-9-380.) (Received February 3, 1940.) 


219. H.S. Wall: A class of power series bounded in the unit circle. 


Let f(x) =co—cix+cC2x?— - - - wherein Co, G1, C2, « + - isa totally monotone sequence. 
The radius of convergence of the series is at least 1 so that f(x) is analytic for |x| <1. 
Let M(f) be the least upper bound of |f(x)| for |x| <1. It is shown that M(f) is 
finite if and only if there exists a positive constant h such that hf(x) has a continued 
fraction representation of the form g;/1+(1—g:)gox/1+(1—g2)gsx/1+---, OSgn 
<1, (nS1), it being agreed that the continued fraction terminates with the first 
vanishing partial quotient; or, if and only if f(x) has a Stieltjes integral representation 
of the form So(1 —u)do(u)/(1+xu) in which ¢(u) is monotone non-decreasing; or, 
if and only if the series Ya converges, whereupon M(f) =)G. If M(f) $1, w=f(x) 
maps the region | x| <1 into the region | w—1/2| <1/2, and if wo is any point in the 
latter region, there exists a function f(x) and a point xo, | xo <1, such that wo=f(xo). 
It is shown that if M(f) <1, the functions fn4:(x) = [yvn—fa(x) ]/x[1—vaf(x)], y= 
fn(0), fo=f, (n=0, 1, 2,---), obtained by the algorithm used by Schur are all 
functions of the same character as f(x). (Received February 5, 1940.) 


220. J. L. Walsh: Nole on overconvergent power series. 


Ostrowski has proved the remarkable fact that in a power series )an2" possessing 
overconvergent partial sums, the sequence of coefficients must exhibit Hadamard 
gaps, that is to say, gaps whose relative lengths are bounded from zero. The present 
note emphasizes the fact that these gaps cannot be considered as sharply terminating. 
The coefficients have moduli decreasing gradually at the beginning of the gaps and 
increasing gradually at the end. In particular the radius of convergence of the series 
must be a non-isolated point of the derivative of the set {|a,|—/"}. (Received Febru- 
ary 7, 1940.) 


221. G. T. Whyburn: Mapping theorems. 


A slight modification of a theorem published by the author (American Journal 
of Mathematics, vol. 53 (1931), p. 753) is shown to yield not only the theorem that 
any compact locally connected continuum is the continuous image of an interval but 
also the proposition that any compact metric space is the continuous image of a closed 
0-dimensional subset of an interval. Also it is noted that the latter of these results 
may be obtained readily from the former by an independent method. Further, the 
author’s treatment of the Mazurkiewicz relative distance transformation (American 
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Journal of Mathematics, vol. 54 (1932), pp. 367-376) is modified so as to yield conclu- 
sions in general spaces from which it results that if R is a plane region with a con- 
nected boundary B there exists a complete space C of the form C=S+A where 
S-A=0 and a continuous transformation W(C) =R+B’ such that: (1) S maps topo- 
logically onto R; (2) A maps onto the set B’ of all points of B which are accessible 
from R; (3) the transformation W(A)=B’ is non-alternating in a certain natural 
sense; (4) A can be mapped by a (1-1) continuous transformation onto a dense sub- 
set of a circle. (Received February 8, 1940.) 


222. G. T. Whyburn: On non-alternating transformations. 


A new treatment of this subject is given which makes possibie the extension to 
semi-locally-connected compact continua of all major results originally established 
by the author (American Journal of Mathematics, vol. 56 (1934), pp. 298-300) for 
locally-connected continua and of some of the principal ones to arbitrary compact 
continua. For example, if f(A) = B is non-alternating where A is a compact continuum, 
then for any simple link E, in B there exists one and only one simple link E, in A 
such that f(Z.) > E, and for any other simple link E,’ of A, f(E.’) contains at most one 
point of E;. Also it is shown that if A is connected and is either (a) compact and semi- 
locally-connected or (b) locally-connected, a continuous transformation f(A)=B 
will be non-alternating if and only if (i) for each y e B, f(y) contains every point 
which separates two points of f(y) in A and (ii) f is non-alternating on each cyclic 
element of A. (Received February 8, 1940.) 


223. Y. K. Wong: Interchange of J-processes in bilinear forms in- 
volving non-modular matrices. 


When x’? is of type MUM subject to the basis (YW, $', $2, e, 2), then «” is said 
to have the property I? over IN}, M> (contained in M', M2) in case the iterated in- 
tegrals Jig, exist and are equal for every ue in the aforemen- 
tioned subsets. Equivalent conditions for «!* to have the property J? defined above 
are obtained. By restricting I}, M5 to be the four pairs of subsets in the (1 «* 2)-, 
(2 « 1)-domains, we have sixteen possible modes of J"? properties. It is proved that 
there are but four distinct modes of J"? properties, and their relations are discussed. 
The problem is then formulated in terms of idempotent matrices and positive hermi- 
tian modular matrices. Equivalent conditions in terms of certain double integrals are 
established. We then define the property for «!? and show that and 
I(é&* &) are equivalent properties. (Received February 1, 1940.) 


224. Y. K. Wong: On non-modular matrices. 


E. H. Moore’s generalized Fourier theory shows that It!'«, P?*« are in one-to-one 
orthogonal correspondence via J'x*#!, J%«x!2, This paper studies the invariance of 
density and closure properties for corresponding subsets in I«, Pt*%«. By using the 
basis B2, et, 2, by columns of Mt), the (1 «* 2)-domain is defined to be 
the class of all u! (modular as to €) such that J'x*"4z! is modular as to ¢. The inter- 
section It?" of I? and Mt is in one-to-one correspondence with the (1, «* 2)-do- 
main. The (1 «* 2)-domain is the linear extension of the logical sum of the (1, «* 2)- 
domain and the orthogonal complement of x. Density and closure properties of the 
(1 «* 2)-domain and the set t?« are studied. When x” is of type DUM, the inter- 
section of and and various domains associated with are dis- 
cussed. (Received February 1, 1940.) 


406 ABSTRACTS OF PAPERS [May 


225. J. C. Abbott: Projective theory of congruence in non-euclidean 
geometry. Preliminary report. 


Most assumptions made in non-euclidean geometry about congruence of segments 
can be derived from the projective postulates for parallelism and order of Jenks and 
the law of Pappus. If, in addition, Pascal’s law is assumed for asymptotic hexagons, 
then also non-euclidean properties of perpendicularity and congruence of angles can 
be derived which, without this assumption, break down. The theory of congruence of 
segments, however, is independent of this assumption. (Received March 12, 1940.) 


226. R. P. Agnew: Some remarks on a paper entitled “General Tau- 
berian theorems.” 


The Tauberian classes T, T’, Ta, T/, Ts, and Tj defined by H. R. Pitt (General 
Tauberian theorems, Proceedings of the London Mathematical Society, (2), vol. 44 
(1938), pp. 243-288) each fail to have the following property: if s(x) is a function in 
the class, then, for each constant A, the function s(x) —A is in the class. This fact has 
a bearing on the connection between the Tauberian oscillation theorems and the 
Tauberian convergence theorems of Pitt’s paper. (Received March 11, 1940.) 


227. S. P. Avann: Lattice automorphisms. 


It is shown in this paper that every finite abelian group is the automorphism 
group of some lattice, in fact of a finite distributive lattice. A necessary and sufficient 
condition is obtained that a point lattice have the symmetric group as its auto- 
morphism group. The group of a distributive lattice is considered from the standpoint 
of symmetrically placed generators. Also included is a test for modularity of a lattice 
in terms of the number of coverings of the elements. Further study of lattice auto- 
morphisms is in progress by the author. (Received March 7, 1940.) 


228. Reinhold Baer: Nets and groups. II. 


The nets, derived from division systems with unit, satisfying x(yz) =1 if, and only 
if (xy)z=1, are characterized by certain local symmetry properties. (Received March 
11, 1940.) 


229. Reinhold Baer: Sylow theorems for infinite groups. 


This paper investigates the results which one obtains in applying the methods 
used for proving the theorems of the Sylow type upon infinite groups. Particular at- 
tention is given to locally finite groups, that is, groups all of whose finite subsets are 
contained in finite and normal subgroups, since for these groups certain conditions 
turn out to be necessary which in general are only sufficient, but not necessary. (Re- 
ceived March 11, 1940.) 


230. R. C. F. Bartels and R. V. Churchill: An extension of Du- 
hamel’s theorem. 


The method of the Laplace transformation is applied in establishing an extension 
of Duhamel’s theorem to a general boundary-value problem with a partial differential 
equation of the parabolic type having discontinuous coefficients. It is shown that the 
solution of a problem having boundary conditions dependent on the variable time can 
be expressed in terms of the solution of a simpler problem with fixed boundary condi- 
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tions. Conditions on the solution of the latter problem which are sufficient to insure 
a solution of the general problem are discussed. The derivation makes use of a gen- 
eralization of the composition integral (Faltung) in the theory of the Laplace trans- 
formation. Some properties of this generalized form are considered. (Received March 
15, 1940.) 


231. Harry Bateman: Hulthen’s integral equation. Preliminary re- 
port. 


Let V(x, y) be a potential function regular for y20. The integral equation in 
question is for the determination of V(x, 0) and may be written in the form 
f(x) = V(x, 0)+kV(x, a) where a>0 and f(x) is continuous for real values of x. If 
U(x, 0) is the potential regular for y =0 which is equal to f(x) for y=0, the solution ob- 
tained by the method of successive approximations is V(x, 0)= U(x, 0)—kU(x, a) 
+k*U(x, 2a)—--+ and if |f(x)| <f this series is convergent for |k| <1. The case 
k=1 may be treated by expanding V(x, y) in a trigonometric series of multiples of 
2ry/a, but the sine terms are left undetermined by the equation. The homogeneous 
integral equation has in this case solutions and the nonhomogeneous equation has 
solutions only if f(x) is a function of a certain form. Potential problems in which a 
correspondence between the points of two boundaries occurs in the boundary con- 
dition give rise to an interesting type of integral equation. (Received March 16, 1940.) 


232. R.A. Beaumont: Projections of non-abelian groups upon abelian 
groups. Preliminary report. 


A function f of the subgroups of a group G upon the subgroups of a group His 
called a projectivity of G upon H if f is a single valued monotone increasing function 
with a single valued inverse. Groups which have projections upon abelian groups 
naturally fall into two classes: groups without elements of infinite order, and groups 
with elements of infinite order. In this paper the latter are studied. Baer has shown 
that if an abelian group G contains at least two independent elements of infinite order, 
then every projection of G is induced by an isomorphism. Hence in a survey of groups 
containing elements of infinite order which are projective with abelian groups, only 
abelian groups G where G/F(G) is of rank one need be considered. The author gives 
a survey of such groups. The discussion of the case where G/F(G) is an infinite cyclic 
group is important for the general problem. (Received March 12, 1940.) 


233. E. T. Bell: Note on a certain type of diophantine system. 


The system is a;P;(x) (i=1, - --, 7), in which a;, are any given con- 
stant integers greater than 0; P;(x) is a polynomial of degree m; (greater than 0) in x 
with integer coefficients; P;(x) has no constant term; the coefficient of the lowest 
power of x in P;(x) is b;. Necessary and sufficient conditions that the system have a 
solution in integers x, are obtained. These conditions concern - -- , 
alone; when they are satisfied, solutions are immediately obtainable. Very special 
cases of such systems have been discussed by several writers, without attention to 
necessity or sufficiency. (Received March 11, 1940.) 


234. E. T. Bell: Postulational basis for the umbral calculus. 


As the umbral calculus for vectors has been misunderstood, a full postulational 
treatment is given. (Received March 11, 1940.) 
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235. Stefan Bergman: On the surface integrals of functions of two 
complex variables. 


The author considers functions f(z), 22) of two complex variables meromorphic in 
domains I2*, M* being bounded by a finite number of segments of analytic hyper- 
surfaces (see, for details, Mathematische Zeitschrift, vol. 39 (1937), p. 76, and Recueil 
Mathématique, vol. 1 (43) (1936), p. 851). Each domain 2t* possesses a distinguished 
boundary surface §?. From an extension of the methods used in the papers mentioned, 
it can be shown that a surface integral over f(z:, 22)x(2:, 22) along ? is equal to the 
sum )_,R(P,; f) of expressions (residues) R(P,; f) which are associated with certain 
points P, lying in M* and on the singularity surface of f. The function x(z:, 22) is 
a weight function which depends upon 9‘ and upon the intersection of f(z:, 22) =0 
with the boundary of Mt*. (Received March 25, 1940.) 


236. B. A. Bernstein: Groups in terms of addition and negation. 


The author defines groups and abelian groups by sets of postulates expressed in 
terms of addition and negation. The postulates are simple and readily yield the basic 
propositions of groups. The sets for abelian groups embrace, in each case, a set for 
groups in general. (Received March 8, 1940.) 


237. R. P. Boas: Expansions of analytic functions. 


This paper is a contribution to the problem of expanding an analytic function f(z) 
in a series of the form }¢n2"[1-+h,(z) ], where the h,(z) are “small.” (For references 
to the literature, see G. S. Ketchum, Transactions of this Society, vol. 40 (1936), 
pp. 208-224.) The central problem is to obtain as large a circle of convergence as 
possible for this expansion. Most of the known criteria are obtained as consequences 
of a new one: if the functions h,(z) are analytic in |z| <r, vanish at z=0, and have 
(for large n) a common majorant h(z), and if f(z) is analytic in |z| <s, the above series 
represents f(z) in |s| <min (s, ¢) if i:(t)<1. The method used in this paper avoids re- 
arrangements of power series, using instead arguments depending on Cauchy’s theo- 
rem. Applications are made to the study of the distribution of the values taken by an 
analytic function and its derivatives. A more detailed abstract of part of the paper has 
appeared in the Proceedings of the National Academy of Sciences, vol. 26 (1940), 
pp. 139-143. (Received March 18, 1940.) 


238. R. P. Boas: Univalent derivatives of entire functions. 


The following theorem is proved: If f(z) is a transcendental entire function of 
order one and exponential type & (that is, if | f(z)| <C exp (k!z| )), and & <log 2, then 
an infinite number of the derivatives of f(z) are univalent in |z! <1. The proof de- 
pends on an expansion theorem of the type described in the preceding abstract. (Re- 


ceived March 18, 1940.) 


239. Richard Brauer: On the Cartan invariants of a group of finite 
order. 


E. Cartan introduced an important set of invariants (x, \X=1, 2,---, 2) of 
an algebra with a principal unit. If G is a group of finite order, these ¢,, may be formed 
for the group ring of G taking the field of reference as a modular field K. It is shown 
that the determinant |¢,,| is a power of the characteristic p of K, and the exponent 
of p is determined. (Received March 27, 1940.) 
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240. J. L. Brenner: Well-orderable abelian groups whose elements 
have prime-power order. 


The author gives a new, short proof of the Kronecker decomposition theorem for 
finite abelian groups and a partial decomposition theorem for arbitrary torsion groups. 
The elements of the basis are picked out one by one. (Received January 19, 1940.) 


241. H. H. Campaigne: A lower limit on the number of hypergroups 
of a given order. 


Let »» be the number of hypergroups of order w. Then it can be shown that 
%+41> 7%. The method of proof is to give constructions, in terms of an arbitrary 
hypergroup G of order w, for seven different hypergroups of orders w+1. Six of these 
have G as a subhypergroup. As a corollary we have ».>7*~!. (Received March 15, 
1940.) 


242. H. H. Campaigne: Multiplication systems. Preliminary report. 


A set M of elements m, n,--- isa multiplication system if for every pair of ele- 
ments m, n there is uniquely determined a subset mn of M. This is a general:zation of 
the notion of group. The multiplication system C is complementary to M if the ele- 
ments of C are in one-to-one correspondence, ¢,-—>m,, with those of M such that 
Oy & Cyt, if and only if mp) is not in mym,. It is evident that M is isomorphic to M’ if 
and only if C is isomorphic to C’. The set of all automorphisms of M forms a group. 
The group of automorphisms of C is isomorphic to that of M. Conditions on M are 
found that are necessary and sufficient that C be a hypergroup. It is shown that these 
conditions are satisfied by groups, quasi-groups, Mischgruppen, Brandt groupoids, 
and defective groups. Thus we have a method of uniquely representing these systems 
by means of hypergroups. (Received March 15, 1940.) 


243. Leonard Carlitz: A set of polynomials. 


Put +++ the product extending over all sets 
(Co, ++, Cm-1) in the ‘finite field GF(p"); t, uo,--+, tUm—1 are indeterminates. For 
u;=x', f(t) becomes y(t) (Duke Mathematical Journal, vol. 1 (1935), p. 137). The 
purpose of the present note is to extend known formulas involving ym to the more 
general f,,. In particular, an explicit formula representing an arbitrary “linear” 
polynomial }-ait?™ is derived in terms of f(t); also the inverse function to fn 
is constructed. Application is made to the evaluation of }-(couo+ +++ +6ntm)?™*— 
and (Coto+ (Received March 28, 1940.) 


244. Leonard Carlitz: On certain exponential sums. 


Certain sums, which may be briefly described as generalized Gauss sums, are de- 
fined relative to a special modular system M=(m, Ai,- +--+, Ax), where A; is a poly- 
nomial in k indeterminates. The generalized sums are reduced to ordinary sums by 
means of a method used previously in a special case; a generalized Jacobi symbol 
(quadratic character) appears incidentally. (Received March 28, 1940.) 


245. Randolph Church: Numerical analysis of certain free distribu- 
tive structures. 


The elements of the free distributive structure based on m elements fall into dis- 
joint sets of conjugates under the permutations of the symmetric group of degree n. 
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The 208 sets of conjugates and the structure inclusion relations among the elements 
constituting them have been obtained for n=5. The number of conjugate elements 
in these sets, and their rank in the structure, are here presented for n <5. (Received 
March 28, 1940.) 


246. R. V. Churchill: A problem in the conduction of heat. 


The following physical problem is treated. Find the temperatures in a semi- 
infinite solid x 20 composed of a layer 0 <x <a of one material initially at uniform 
temperature A in contact with a semi-infinite solid x 2a of another material initially 
at temperature zero, when the face x=0 is kept insulated. A complete formulation of 
this problem as a boundary value problem is determined so that just one solution 
exists. The temperature formula is obtained in the form of a simple and practical 
series whose terms involve probability integrals. It is completely established as the 
solution. The Laplace transformation is used both to obtain the solution and to estab- 
lish its uniqueness. (Received March 15, 1940.) 


247. R. V. Churchill: Termwise integration of Sturm-Liouville ex- 
pansions. Preliminary report. 


The following theorem is established. Let y=¢,(x), (n =1, 2, - - - ), be the normal- 
ized characteristic functions of the Sturm-Liouville system y”’— [a(x) +A]y=0, 
y(0, A)=0, y(1, 4)=0, where g(x) is continuous in x in the interval (0, 1). Let 
n= Sc F(x)on(x)dx, where F(x) is any bounded and Riemann integrable function. 
Then for any function G(x) of bounded variation the series foG (x)bn(x)dx con- 
verges uniformly for all x in the interval (0, 1) to the function /¢F(x)G(x)dx. The 
Parseval equality for this system follows at once: ¢nda= SoF(x)G(x)dx, where 
d,, = [{G(x)@n(x)dx. The method of proof is that of integration in the complex plane 
of the parameter \. The result is extended to the termwise integration of the expan- 
sion based on the equation (ry’)’— [qg+Ap]y=0. (Received March 15, 1940.) 


248. Paul Civin: Inequalities for trigonometric integrals. Prelimi- 
nary report. 


This paper concerns transforms of functions expressible as f(x) = 
where a(t) is a function of bounded variation, and | f(x)| <M for all x. These trans- 
forms are of the form T[f(x) ]=g(x) = /_,u(t)e**"da(t). The problem is to find a bound 
for | g(x)| depending only on y(t) and M. The results obtained include generalizations 
of many of those in the literature for trigonometric polynomials: for example, Bern- 
stein’s theorem (where g(x) =f’ (x)), results of G. Sokolov (Bulletin de 1’ Académie des 
Sciences de l’URSS, (7), Classe des Sciences Mathématiques et Naturelles, 1935, 
pp. 857-882), and results of G. Szegé (Schriften der Kénigsberger gelehrten Gesell- 
schaft, vol. 5 (1928), pp. 59-70). In particular, a bound is obtained for the fractional 
derivative f(x), 0<a<1; f(x) =T[f(x)] where the multiplier =(it)*. This 
bound is (4a~!4+2) R*M. A more precise but more complicated bound is also obtained. 
(Received March 25, 1940.) 


249. A. G. Clark: Two sample problem concerning Poisson and bi- 
nomial distributions. Preliminary report. 
In an article published in Biometrika, 1939, J. Przyborowski and H. Wilenski 


have developed a test based upon best critical regions of the hypothesis that two 
variables with distributions given by the Poisson exponential limit have equal means. 
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The author has independently obtained some of the results given in the article quoted 
and has developed more extensive tables for the power of the test in both its sym- 
metric and asymmetric forms. In addition, the effect of the relative size of the two 
samples upon the power of the test is determined. A corresponding test is constructed 
where the distribution of the variables is binomial. In this case the power of the test 
is expressed as a finite hypergeometric series. It is shown how the critical region may 
be identified when the samples are of equal size. It is hoped to find a feasible method 
of calculating the power of the test in the binomial case. (Received March 12, 1940.) 


250. J. M. Clarkson: An involutorial line transformation associated 
with a quadric. 


Given a fixed quadric H and a point O not on H, an arbitrary line ¢ meets H in 
two points P, Pz which are projected from O into two points P{, Pz on H. The line 
t' =P P} is the transform of t by the line transformation T. The transformation T 
is involutorial. The invariant lines and the singular lines of T are discussed, and also 
the changes in theconfigurations when H is a cone and when H is composite. (Received 
March 22, 1940.) 


251. Nancy Cole: The index theorem for a calculus of variations prob- 
lem in which the integrand is discontinuous. 


In this paper Morse’s index theorem (Duke Mathematical Journal, vol. 4 (1938), 
pp. 231-246) is established for a problem in euclidean m-space in which the integrand 
is discontinuous. The basic curve g is a broken extremal with a finite number of cor- 
ners, at each of which g is cut across by a regular (m—1) manifold of class C?, not 
tangent to either arc of g at the corner. At each corner g satisfies a set of “primary 
incidence relations.” The conjugate points of a fixed point a of g are defined in terms 
of the zeros of the conjugate determinant D,(t, a), whose m columns represent certain 
linearly independent solutions of the Jacobi equations determined by g. It is also 
proved that if a and 6 are any two fixed points of g, the numbers of zeros of D,(t, a) 
and D,(t, 6) on any interval (open or closed) of g differ by at most m—1. (Received 
March 28, 1940.) 


252. H.S. M. Coxeter: The binary polyhedral groups, and other gen- 
eralizations of the quaternion group. 


The chief result of this paper is that the (largest) group defined by R'=S"=T7T™" 
=RST is of order whenever |/|, 
|m|, |n| and |2|~-1+| m|—+|n|— are all greater than 1. (This covers all non-trivial 
cases, since the group is obviously infinite when |/|-!+|m|4+|n|—<1.) Well 
known cases of this group (/, m, ) are the dicyclic groups (2, 2, 2) (when m=2, the 
quaternion group), and the binary polyhedral groups (2, 3, m) (n=3, 4, 5). The in- 
vestigation of (2, 3, m) for negative m was proposed by W. Threlfall as a problem 
(Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 46 (1936), p. 80). In 
most cases (/, m, n) is the direct product of {|Z|, |m|, ||) and a cyclic group; an 
interesting exception is the group (2, 3, —3), of order 72. (Received March 29, 1940.) 


253. H. B. Curry: A formulation of recursive arithmetic. 


The term “recursive arithmetic,” as used here, means the theory of the natural 
integers developed by the use of primitive recursive definitions; the emphasis is not 
so much on the construction of such definitions (as in work by Gédel, Péter and 
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Kleene) as on the technique of proving equations involving such functions and free 
variables. Previous formalizations of this sort of arithmetic (for example, that by 
Skolem and Hilbert-Bernays) have been based on a logical calculus, which is regarded 
as already formulated. In the present paper the theory is set up in a rigorously formal 
manner as an entirely independent logical system; it is then shown that the rules of 
the logical calculus are valid in the system, and that the system is equivalent to that 
of Hilbert-Bernays. (Received March 9, 1940.) 


254. G. B. Dantzig: Existence of the Neyman-Pearson unbiased test 
of type A. 

Consider the case where it is known that the elementary probability law p(E | 6) 
of a system E of n observable variables depends on only one parameter 0, the value of 
which is unknown, and where it is desired to test a hypothesis H which assumes that 
@=6o. Let w denote a region which is used as a critical region to test H, such that, 
if Ee w, then H is rejected. Denote by 8(@) the power function of w, that is, 8(@) is the 
probability of E e w calculated under the assumption that 6 is the true value of the un- 
known parameter. The region w is said to be unbiased of type A (Newman-Pearson, 
Statistical Research Memoirs, vol. 1 (1936), pp. 1-37, and ibid., vol. 2 (1938)), if it 
satisfies the following conditions: (1) 8(@0) =a, (2) dp/d0|»,=0 and (3) d*p/d6?| 9, has 
for the region w a value at least equal to that corresponding to any other region w 
having properties (1) and (2). The existence of unbiased critical regions of type A 
was proved by Neyman and Pearson for a particular type of functions p(E| 6). This 
result is now extended by the present author to all elementary probability laws 
P(E} @) which admit two differentiations under the sign of the integral over any fixed 
region. (Received March 9, 1940.) 


255. G. B. Dantzig: On the non-existence of tests of “Student's” hy- 
pothesis, the power function of which would be independent of o. 


One is given a sample of m independent, normally distributed variables with a 
common mean é and a standard deviation c. It is wished to test the hypothesis that 
the mean é is 0 when the standard deviation o is unknown. Student’s test consists in 
rejecting this hypothesis whenever the ratio of the mean of the sample, #, to the 
standard deviation of the sample, s, is larger than a fixed value. The important prop- 
erty of this test is that the probability of rejecting the hypothesis £=0, when it is 
true, is independent of the unknown standard deviation ¢. On the other hand, the 
probability of rejecting the hypothesis when some alternative hypothesis £ = £: is true, 
depends on the value of a. This causes difficulties in applications. It is natural, then, 
to consider whether there exists some other test such that the latter probability 
is independent of the unknown c. This problem reduces to finding a region w 
in the sample space (x, %2,---, xn) such that the integral over w of the function 
exp —£)2/20?] is independent of « whatever be the value 
of £. It appears, however, that the integral of p over any such region is also inde- 
pendent of é. From the point of view of statistics such a region is unsuitable for testing 
the hypothesis that =0, because it will reject this hypothesis when it is wrong and 
when it is correct equally frequently. (Received March 9, 1940.) 


256. P. H. Daus: Bisecting circles. 


This paper discusses from a geometric point of view the circles which bisect and 
the circles which are bisected by a given circle. Attention is given to the one-parameter 
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families which bisect two circles, which are bisected by two circles, and other families 
which involve other conditions such as orthogonality and tangency. The paper con- 
siders the circles determined by three such conditions including, as one or more condi- 
tions, these bisection properties. It enumerates the linear, quadratic and quartic 
cases, and in the latter case distinguishes between those which are constructable by 
ruler and compass and those which are not. (Received March 6, 1940.) 


257. M. M. Day:A norm ergodic theorem. 


With fewer restrictions than in other theorems of this type, a theorem using the 
method of F. Riesz is proved which includes results of F. Riesz (Journal of the London 
Mathematical Society, vol. 13 (1938)), Cohen (this Bulletin, abstract 45-5-169), 
Yosida (Proceedings of the Imperial Academy of Japan, Tokyo, vol. 14 (1938)), and 
Dunford (Duke Mathematical Journal, vol. 5 (1939)). In fact a simple lemma on 
convex bodies in euclidean n-space used with the main theorem shows that the arith- 
metic means used by Dunford can as well be taken over all convex sets of finite 
nonzero measure ordered by the radius of the largest inscribed sphere rather than 
only over cubes ordered by edge length. The generality of the theorem lies in the 
greater latitude allowed in the choice of the parameter set and of the transformations 
used, since, as Cohen showed for sequences, the arithmetic mean turns out to be only 
one of a class of transformations for which the norm or “mean” ergodic theorem holds. 
(Received March 28, 1940.) 


258. M. M. Day: Linear methods of summability. I1. 


In a previous paper the author considered the problem of extending the Silverman- 
Toeplitz theorem to more general limits than those of sequences. These results are 
now extended to functions on a directed set Y with values in a fixed Banach space B. 
The extension of the following theorem of Vulich (Kharkov Communications, 1938) 
is also considered: If B is a Banach space, if {@mn} is a matrix of real numbers, and 
if U,(f) =D nnidmafn, where f={f,} is a convergent sequence of points of B, then 
limns2 Un(f)=limn.. fn, for every convergent sequence of points of B if and only if 
{amn} satisfies the Toeplitz conditions} that is, regularity on real convergent se- 
quences is equivalent to regularity on every sequence of points from every Banach 
space. The methods used in the investigation include some study of topologies in 
spaces of linear operators, and the theory of order among directed sets due to Tukey 
(Princeton University thesis, 1939). Also, the definition and some properties of a 
simple sort of a completely additive integral, analogous to the finitely additive in- 
tegral of Gowurin (Fundamenta Mathematicae, vol. 27 (1936)), are given, and a 
regularity criterion involving it is given for use in a subsequent paper. (Received 
March 28, 1940.) 


259. J. J. DeCicco: The affinelong near-Laguerre transformations. 


This paper is concerned with the group of line transformations of the complex 
plane with respect to the maximum number of circles preserved. A line correspond- 
ence is (I) magnilong if it magnifies by a nonzero constant the distance between the 
two points of contact on the common tangent line of any two curves, (II) affinelong 
if it is a non-magnilong correspondence which preserves the ©! parallel pencils of 
lines, (III) general if it is not of types (I) or (II). A general (affinelong, magnilong) 
transformation preserves at most 20? (22, 21) circles. (The analogue of the Moebius 
group in the Kasner plane, this Bulletin, vol. 45 (1939), pp. 936-943.) In abstract 
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46-1-59 are found all the magnilong correspondences which preserve exactly ©! cir- 
cles. The author has now succeeded in finding all the affinelong near-Laguerre trans- 
formations. The family preserved is a certain quadratic family F which under the 
group of Laguerre transformations may be classified into the three distinct types: 
(A) the ©? circles tangent to a fixed line. (B) The ~? circles of the 1 linear pencils 
(in line geometry) which contain a fixed circle and whose vertices are on a fixed line. 
(C) The ~? circles tangent to a fixed circle. (Received March 20, 1940.) 


260. E. L. Dodd: The substitutive mean and certain subclasses of this 
general mean. 


Chisini gave a very general definition of a mean, m=f,(x1, x2, - + + , Xn), which re- 
quired that f,(c, c, - - - , ¢) =c; but did not require that min x; Sm max x;. This may 
be called a substitution mean. Nagumo, Kolmogoroff, and B. de Finetti treated the 
associative mean f, which remains invariant when each element of a set of 7 of its 
elements, with r <n, is replaced by the f, for that set. As a large subclass of substitu- 
tive means, the author defines a summational mean as a solution for y of an equation 
of the form F{y, >-filcsx:, y), - - - , fe(csxs, y) } =0; and defines, as a subclass of sum- 
mational means, the quasi-arithmetic mean m determined from =) cw (xi), 
with >-¢;+0. The associative mean is then a special case of the quasi-arithmetic 
mean. By transformations, some functions become means of certain functions of the 
given elements. When this is applied to curve-fitting with Pearson types, various 
kinds of means emerge. (Received March 18, 1940.) 


261. J. L. Doob and R. A. Leibler: On the spectral analysis of a cer- 
tain transformation. Preliminary report. 


The analysis of a one-to-one measure preserving transformation T on an abstract 
space 2 by means of the spectrum of a corresponding operator U goes back to Koop- 
man. In the present paper a particular such transformation is studied in detail: it is 
supposed that there isa sequence - - - , f_1(w), fo(w), fi(w), --- of functions, such that 
any measurable function can be expressed as a function of the f;(w), and such that 
f;(Tw) =fj4:(e). This transformation is of importance in probability. The operator U 
transforms w-functions in L2 into themselves taking f;(w) into fj4:(w). It is found that 
if E(A) is the resolution of the identity of U (0SAS2z), then (E(A)f(w), g(w)) is ab- 
solutely continuous except for a possible jump at \=0. Necessary and sufficient con- 
ditions on E(A) are found that E(A) be the resolution of the identity of an operator 
corresponding to such a transformation T. (Received March 15, 1940.) 


262. Jesse Douglas: A new special form of the linear element of a 
surface. 


This paper will be published in full in the Transactions of this Society. (Received 
March 21, 1940.) 


263. F. W. Dresch: A mathematical model of a dynamic economic 
system. 


A static economic model due to G. C. Evans is made dynamic by introducing as 
additional variables the amounts of fixed capital tied up in the production processes 
of the economy. Assumed production functions and the hypothesis of strict competi- 
tion permit all quantity variables (those giving rates of production, rates of employ- 
ment of factors of production and the allocation of such factors to alternative 
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production processes) to be expressed as functions of prices (including the interest 
rate) and their time derivatives. Introducing a demand function for consumption 
goods, a supply function for labor and assuming the value of money constant, one 
may express all variables as functions of time by equating supply and demand. The 
expressions thus obtained may be regarded as representing a trend situation for the 
system. In the general situation for which supply is not equal to demand and for 
which a variation in stocks is thus possible, the traditional assumption that the rate 
of change of prices is related to the accumulaton of corresponding stocks (or, in the 
case of labor, to unemployment) is sufficient to again permit all variables to be ex- 
pressed as functions of time. If one may regard the general situation as a perturbation 
of the trend situation, the parameters of the system may be estimated from available 
economic data provided that the empirical functions entering the equations of the 
model may be assumed of suitable forms. (Received March 9, 1940.) 


264. D. M. Dribin: The norm residue symbol for solvable algebraic 
number fields. 


Let K|k be a solvable algebraic number field and K2 K:1:> --->Ki>dk bea 
chain of subfields of K|k such that K;,:|K; is abelian. In terms of the generalized 
Frobenius-Artin symbol {K/p} (which is a certain unordered vector composed of 
sets of automorphisms of K|k) and a prescribed definition for {K/a}, where a is a 
composite ideal in k (given by means of a definite ordering 0 of the symbols {K/p}), 
the generalized Hilbert norm residue symbol {8, K/p} can be defined. It enjoys the 
usual properties, save that the symbol { B:Be, K /p} is not in general the same as 
{6:, K/p}{62, K/p}, since multiplication of the symbols is non-abelian. If %; is the 
conductor of Ki:|K; and f= Neal] Lino), then {8, K/p)=1 if and only if is a 
norm residue modulo fp, where fp is the p-contribution of f. (Received March 8, 
1940.) 


265. R. J. Duffin and J. J. Eachus: The converse of a closure theorem 
of Paley and Wiener. 


Paley and Wiener (Fourier Transforms in the Complex Domain, American Mathe- 
matical Society Colloquium Publications, vol. 19, p. 100) have formulated a criterion 
for a set of functions g,(x) to lie close, on the average, to a given orthonormal set 
f.(x). From this criterion they show that the functions g,(x) approximately satisfy 
Parseval’s equation. The authors show that, conversely, the validity of this latter 
condition on a set of functions g,(x) is sufficient to insure the existence of at least one 
orthonormal set f,,(x) which satisfies the original criterion. They prove that the closure 
of the set f,,(x) implies the closure of the set g,,(x); it is found that the closure of the 
set g,(x) implies the closure of f(x). (Received March 12, 1940.) 


266. Ben Dushnik and E. W. Miller: On partially ordered sets. 


Circumstances under which a partially ordered set contains an infinite (or non- 
denumerable) linearly ordered set are investigated. The work is carried out using 
associated families of sets, and leads to certain questions about real functions of a 
real variable. The idea of a reversible partial order is introduced. A partial order P 
is called reversible if “precedes” can be redefined so that, in the resulting partial 
order P’, any two elements a and b are comparable if and only if they are not com- 
parable in P. Not all partial orders are reversible. Necessary and sufficient conditions 
that a partial order be reversible are given. (Received March 15, 1940.) 
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267. Samuel Ejilenberg: On spherical cycles. 


A singular n-dimensional cycle of a space X with integer coefficients is called 
spherical if it is homologous in X to a singular n-sphere. The following two theorems 
are proved for any r-dimensional simplicial manifold M*. (1) Given any (r—n—1)-di- 
mensional subpolyhedron P—*“ of M’, every n-cycle of M*'—P—"— which bounds in 
Mr’ is spherical. (2) If r>2n then every spherical n-cycle of M’ is homologous to 
an n-sphere topologically imbedded into M’, simplicially with respect to some sub- 
division of M’. (Received March 13, 1940.) 


268. Samuel Eilenberg: Ordered topological spaces. 


A topological space X is called ordered if an order-relation <for the points of X 
is given such that: given x<y there are neighborhoods U(x) of x and U(y) of y such 
that x<y’ and x'<y whenever x’ U(x) and y’e U(y). It is proved that a connected 
nondegenerate space X can be ordered if and only if the subset P(X) of the cartesian 
product X XX consisting of all points (x, y) e X XX such that x+y is not connected. 
The uniqueness of the order in a connected space also is established. Some other 
questions linking order and topology are discussed. The following application is 
given: a separable connected locally connected nondegenerate space X is komeo- 
morphic with a subset of the linear continuum if and only if P(X) is not connected. 
(Received March 13, 1940.) 


269. Samuel Eilenberg and R. L. Wilder: Uniform local contract;- 
bility. 

Domains of the n-sphere S,, which have uniform local connectedess properties 
in the homology sense have been investigated by Wilder in earlier papers. The pres- 
ent paper is concerned with the stronger property of uniform local contractibility 
(ULC). Although the results obtained hold for more general spaces, the following 
summary will suffice to disclose their nature: Let D be a domain of S,, M=D—D, 
and E the interval 0 <t <1. Then in order that D be ULC it is necessary and sufficient 
that there exist a continuous mapping f(D XE) ¢D such that f(x, 0) =x and f(x, #) 
e D for xe D and t> 0. Consequently if D is ULC then D is LC and M is deformation- 
free in the sense of Wilder (Fundamenta Mathematicae, vol. 21 (1933), p. 163). If 
D is ULC, M is LC, and the Poincaré group 2:(M) =0, then 2(D) =7:(D) =0. In 
particular if M is a topological image of S,1 and D is ULC then 2:(D) =2,(D) =0 
and D can be represented as a membrane in the following way: Let Q, be an open 
n-element with S,_; as boundary; there is a continuous mapping f(Q,) =D such that 
f{(Sn_1) = M is a homeomorphism and f(Q,) =D. Thus in the case of the Alexander 
examples (Proceedings of the National Academy of Sciences, vol. 10 (1924), pp. 8-12) 
the D for which z,(D) £0 is not ULC. (Received March 28, 1940.) 


270. J. M. Feld: Whirl-similitudes, euclidean kinematics and non- 
euclidean geometry. Preliminary report. 


Kasner’s whirl group Gz; (American Journal of Mathematics, vol. 33, p. 193) is 
enlarged to a mixed group G; composed of 4 distinct continuous families of line ele- 
ment transformations by the introduction of the concepts: non-direct whirl, direct 
whirl correlation and non-direct whirl correlation. Likewise Kasner’s whirl-motion 
group G; is enlarged, first to a mixed G, and then to a G; (complete whirl-similitude 
group). The groups G, and G; are each composed of 8 distinct continuous families of 
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line element transformations, Kasner’s G, being one of the families in Gs. The geome- 
try of line elements, flat fields and turbines is investigated and two transfer principles 
are presented: (1) turbines, line elements and flat fields are mapped respectively on 
ordered pairs of points, euclidean planar displacements and planar symmetries. (2) 
Turbines, line elements and flat fields are mapped respectively on lines, points, and 
planes of pseudo-elliptic 3-space (Blaschke, Zeitschrift fiir Mathematik und Physik, 
vol. 60, p. 61), in consequence of which Gg is shown to be isomorphic with the group 
of pseudo-elliptic motions and G; with the group of automorphisms of the pseudo- 
elliptic absolute. (Received March 15, 1940.) 


271. R. E. Gaskell: A problem in heat conduction and an expansion 
theorem. 


The problem is that of determining the distribution of heat in a right cylindrical 
solid, one end of which is in contact with a liquid, with lateral insulation provided so 
as to make the problem one-dimensional. The solution is obtained by reducing the 
problem, with the Laplace transformation, to an ordinary second order differential 
equation with end conditions, both differential equation and end conditions involving 
a parameter. Inversion is carried out by means of the inversion integral and the result 
expressed in series form. The convergence of this series at =0 leads to an expansion 
theorem for the initial temperature distribution function f(x) which is piecewise- 
continuous and has a bounded, integrable first derivative. The same problem for a 
solid in contact with a liquid at each end is also considered. (Received March 15, 
1940.) 


272. Abe Gelbart: On the growth of a function of two complex varia- 
bles satisfying certain partial differential equations. 


In this paper the author obtains relations between the growth of max | U(a, z2)| 
and the coefficients dmn of the Taylor series )\».n-0mn2,2, of an analytic function 
f(z:, 22) of two complex variables, where f belongs to the class of functions F given by 
the totality of functions satisfying the partial differential equation 0?U/dz,dz2 
U/d2%.+b; =0 where 6, 22) are entire functions of two com- 
plex variables. A simple form for the upper bound of the growth of max | U(z:, z)| 
is obtained, which depends on the coefficients bz, (k =1, 2, 3), of the partial differential 
equation and on the sequences dno, dom, (n, m=1, 2,--- ), by using the linear opera- 
tors given by Bergman (Matematischeskii Sbornik, vol. 2 (44) (1937), pp 1169-1197) 
which transforms the class of analytic functions of one complex variable into the class 
F. Certain applications are made of these results. (Received March 23, 1940.) 


273. H. H. Goldstine: Linear functionals and integrals in abstract 
spaces. 


In this paper we consider a linear and non-negative functional J defined on a 
linear set ¥ of real-valued functions x, whose range # is arbitrary. Upper and lower 
functionals are introduced and it is shown that I may be so extended that a function 
is in the extension of % if and only if its upper and lower functionals are equal. Outer 
and inner measures are then introduced and every set for which they are equal is 
measurable in the usual sense. If a continuity assumption is made (this hypothesis 
is slightly less restrictive than those of Daniell or Banach), then the outer measure 
is a regular one in the sense of Carathéodory and the integral defined by this measure 
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coincides with the original functional. A generalization of the Lebesgue theorem on 
termwise integration is then obtained by means of semi-uniform convergence. (Re- 
ceived March 8, 1940.) 


274. Michael Golomb: On the boundary-value problems of the equa- 
tion Au=g(x, y) in the infinite half-strip. 


In this paper some boundary-value problems of the equation Au =g(x, y) in the 
infinite half-strip 0<x<1, y>0 are explicitly solved. The studied boundary condi- 
tions are: either u or du/dn on each of the three sides of the half-strip are given. 
The method of solution applied makes use of Laplace’s transformation, as outlined 
by G. Doetsch (Theorie und Anwendung der Laplace-Transformation, Berlin, 1937, 
pp. 378-383) for the homogeneous equation, with an incorrect result. The condition 
that the solution has a Laplace transform, convergent in a certain half-plane, re- 
stricts the number of possible solutions, and yields theorems of uniqueness. (Received 
March 27, 1940.) 


275. O. G. Harrold (National Research Fellow): Characterizations 
of a class of continua by means of continuous functions. 


Many of the known types of continuous transformations when acting on the unit 
interval J, 0 <¢<1, produce only image sets which are topological images of the inter- 
val, although the mapping function itself need not be topological. For instance, 
monotone, non-alternating, and interior mappings (which do not reduce to a single 
point) have this property. In this paper the nondegenerate continua without continua 
of condensation are characterized as the class of separable, metric spaces (M) for 
which there exists a continuous map f defined on the unit interval, f(I) = M, satisfying 
either (a) for X closed in J, dim X =dim f(X); or, (b) for a nondegenerate continuum 
X in I, f(X) contains an open set, and, for a nondegenerate continuum Y in M, 
f~(Y) contains an open set. (Received March 28, 1940.) 


276. O. G. Harrold (National Research Fellow): Minimal coverings 
of Peano spaces by maps of a circle. 


Let M denote a regular continuum in the sense of Menger. There exists a con- 
tinuous mapping f of the circle (interval) A onto M such that there is a Gsg-set dense 
in M each point of which has at most two inverses in A. This is related to a theorem 
due to Nébeling on mappings of a circle onto a regular curve (Fundamenta Mathe- 
maticae, vol. 20, pp. 30-46). An analogous theorem to the above holds for an arbitrary 
Peano space provided the phrase at most two is replaced by at most a finite number. 
For a Peano space M in which there are no free arcs, there exists a mapping f of the 
unit interval J onto M such that there is a Gs-set dense in M each point of which has 
a single inverse on I. Thus there exists a continuous map of the interval onto the fun- 
damental cube, /®*, with the property which has just been mentioned. (Received 
March 28, 1940.) 


277. A. E. Heins: On the solution of partial difference equations: sym- 
metric boundary conditions. 
It is shown that Nérlund’s solution of a linear difference equation with constant 


coefficients may be reduced to a finite sum if boundary conditions are considered. 
The solution has two groups of terms. The first group depends on the assigned 
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boundary conditions; the second group depends on the inhomogeneous solution 
(which now appears as a finite sum). This result is now applied to the solution of 
a boundary value problem in difference equations. The difference equation is a partial 
difference equation of parabolc type. (See abstract 45-5-184.) This paper considers 
(a) vanishing finite boundary conditions, nonvanishing initial condition; (b) infinite 
boundary conditions, nonvanishing initial condition. Case (a) reduces to a double 
finite sum of sines and cosines; case (b) reduces to a single finite sum of factorials. 
Limiting cases are also considered. The Laplace transform is used to reduce the partial 
difference equation to an ordinary inhomogeneous equation and this equation is 
solved by classical methods (Nérlund, Differenzrechnung). (Received March 11, 1940.) 


278. Olaf Helmer: A new type of transcendence proof. 


This paper is based on the following two theorems from the arithmetic of integral 
functions. (i) Let S be the set of integral functions of finite order with rational coeffi- 
cients; the greatest common divisor of two elements f and g of S is expressible in the 
form Af+Bg where A and B are also in S (this follows from a result obtained by R. 
Miche in his dissertation, Zurich, 1920). (ii) An irreducible polynomial with rational 
coefficients is also irreducible in S (cf. the author’s abstract in this Bulletin, vol. 44, 
p. 338). With the help of these theorems it can be shown very easily that certain 
numbers WN (such as z, and log, 7 for rational r #0) are either rational or transcen- 
dental, and that others (such as arc sin ¢ and arc cos r for rational r) are algebraic 
at most of degree 2 or transcendental. The method used here is very natural from the 
standpoint of the algebraist inasmuch as it makes essential use of the fact that the 
numbers in question are roots of certain integral functions with rational coefficients, 
thus establishing the algebraic character of the roots in relation to the algebraic char- 
acter of the coefficient field. (Received March 25, 1940.) 


279. L. K. Hua: On the number of partitions of a number into unequal 
parts. 


Let g(n) be the number of partitions of an integer m into unequal parts, or 
into odd parts. Let es,.=exp { —xif(h’?—1)((1—hh’)/k—1)/8+h'(1—hh’)/8h 
+h(k+(1—hh’)/k)(hh’ —2)/24]} for 2|k, and let { —xi[(h?—1)/8—hk/8 
+(h+h’)(hh’k —(hh’ —1)/k)/24]} for 24k; also let [(—2i/12k)(h+h’)] 
for 2|k and let exp [(—xi/24k)(2h—h’)] for where hh’=1 (mod &) 
and for Then ocace {one exp (—2xihn/k) 
- (d/dn) Jo(ix [2(n+1/24)/3]"/2/k) } where Jo(x) is the Bessel function of order 0. (Re- 
ceived March 30, 1940.) 


280. L. K. Hua: On Waring’s problem for cubic polynomial sum- 
mands. 


Let f(x) =a(x*?—x)/6+b(x?—x)/2+cx+d, a>0, where a, 5, c, d are integers and 
(a, b, c)=1. Then every sufficiently large integer is the sum of eight values of f(x), 
x20. Further, almost all positive integers are the sum of four values of f(x), x =0, ex- 
cept the following two cases: (1) f(x) =2(2a’+1)x?+(2b’+1)x?+2(2c’+1)x+d’ 
(mod 16); (2) f(x) =a’’x?+3b'’x?+3c'’x+d’’ (mod 9), where b’’2=a’’(c’’-+-1) (mod 3). 
For the first exceptional case almost all positive integers are the sum of seven values 
of f(x), x>0, and in the second case almost all positive integers are the sum of five 
values of f(x), x >0. (Received March 30, 1940.) 
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281. Henry Hurwitz: On certain wave equations analogous to the 
Dirac equations. 


G. D. Birkhoff (Congrés International des Mathématiciens, Oslo, 1936, p. 213) has 
shown that wave equations for multiple-component wave functions whose associated 
multiplier equations have the form P =(W?/c? — p?—1)(W2?/c?—_p?—m) =0 are of spe- 
cial interest because of the wave packet phenomenon they exhibit. In this paper 
particular examples of such four-component wave equations are obtained for arbi- 
trary m. They may be written (W/c—a:zp:—ayp, where W and 
have their usual quantum mechanics definitions and a; are ordinary Dirac matrices 
(Dirac, Quantum Mechanics, 2d edition, Oxford, 1935, pp. 254-255). With each 
member of the Lorentz group a 8z may be associated which reduces to Dirac’s am 
when m=1. Since the 8, found are not Hermitian, it is convenient to consider also 
the equation (W/c—azp: —a,p,—a:p: =0. Then the charge and current four- 
vector has the form xZanWir+v¥ieixz, i=0, 1, 2, 3, where ao=1 and the yz and xz 
are suitably related. A given Bz remains unchanged only in certain types of Lorentz 
transformations (for example, rotations about, or translations along, a particular 
axis). Therefore, to obtain a relativistic theory, it is necessary to solve the equations 
corresponding to all the elements of the Lorentz group subject to identical boundary 
conditions and then average the results over the group by means of the Hurwitz i in- 
variant integral. In a Lorentz transformation, S, ¥z=~ys¥s—z and x,=7sxs-L- 
(Dirac, loc. cit., pp. 257-258.) (Received March 2, 1940.) 


282. W. H. Ingram: A generalization of Erhard Schmidt's solution 
of the nonhomogeneous integral equation. Preliminary report. 


Using results obtained by Frazer, Duncan and Collar and Fredholm’s tentative 
limiting process, a particular solution of the linear integral equation of the second kind 
with non-symmetrical kernel is found to be u(x) f(a)da 
+ °v,¢,da. (Received March 11, 1940.) 


283. F. P. Jenks: Order and parallelism in the non-euclidean geome- 
try of joining and intersecting. 


If,in the author’s foundation for Bolyai-Lobachevsky geometry in terms of join- 
ing and intersecting (Reports of a Mathematical Colloquium, (2), issue 1, pp. 45-48), 
postulate VII is sharpened and another assumption added, then the whole theory of 
order (including Pasch’s axiom) can be derived. Two nonintersecting lines a and b 
and called parallel if there exists a point P such that through P there is at most one 
line which intersects neither a nor b. These postulates then yield that parallelism is 
transitive, that there are not more than two parallels to a line through a point, and 
other theorems on non-euclidean parallelism. (Received March 12, 1940.) 


284. Fritz John: The Dirichlet problem for a hyperbolic equation. 


Recently D. G. Bourgin and R. Duffin (this Bulletin, vol. 45, pp. 851-858) con- 
sidered the Dirichlet problem for the equation u,:—u,,=0 in the case of a rectangle 
with sides parallel to the coordinate axes. This paper discusses the Dirichlet problem 
for the same equation for general contours. The main result is the following: Let C 
be an arbitrary convex curve, for which the Dirichlet problem can be solved for every 
sufficiently regular set of boundary values. Then the region bounded by C can be 
mapped on a rectangle with sides parallel to the coordinate axes in such a way that 
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the differential equation (and hence the Dirichlet problem) is preserved. (Received 
March 7, 1940.) 


285. Wilfred Kaplan: Singularities of a curve-family on a surface, 
with applications to differential equations. 


Let F be a family of curves filling an open region on a (2-dimensional) surface S. 
Let F be regular, that is, locally homeomorphic with parallel lines. Let P be an iso- 
lated singularity of F. Then all the possible configurations of F in the neighborhood 
of P are listed. The method of analysis consists in regarding a deleted neighborhood 
of P as a doubly-connected region, hence homeomorphic with the surface of a sphere 
from which two points have been removed. Methods previously developed by the 
author (see abstract 45-9-328) are then applied to the curve-family on the sphere. 
As an application, F can be taken as the set of trajectories of a differential equation 
on S (Received March 14, 1940.) 


286. Edward Kasner and J. J. DeCicco: Families of curves con- 
formally equivalent to circles. 


Any three-parameter family of curves which is obtained by applying a conformal 
transformation to the ~* circles of the plane is called an & family. Several geometric 
characterizations (in the general case) of such a family are obtained. Thus a family 
of curves is an 2 family if and only if: (1) the foci of the osculating parabolas of the ~! 
curves which contain a lineal element E generate a lemniscate, (II) the centers of 
the orthogonal pairs of equal circles which define the lemniscates of (I) as E is ro- 
tated about its point P generate an equilateral hyperbola; and (III) the foci of the 
equilateral hyperbolas of (II) are connected to the point P by a direct conformal 
transformation. Also the only curves of an 2 family which are hyperosculated by 
their osculating circles consists of two orthogonal isothermal families of curves. As a 
corollary of abstract 46-1-92, those families of curves are determined whose hyper- 
osculated isothermal nets are circles. Geometric characterizations are obtained of 
two-parameter families of curves which are conformally equivalent to the ©? circles 
orthogonal to a given circle. Finally, by asstudy of Schwarzian reflection with respect 
to these families of curves, many interesting generalizations of ordinary inversion are 
obtained. (Received March 20, 1940.) 


287. J. L. Kelley: On the hyperspaces of a continuum. 


Let A be a compact continuum and let 24 and C(A) be respectively the spaces of 
all closed subsets and of all subcontinua of A, metricized by the Hausdorff metric. 
It is proved: (1) C(A) is arc-wise connected, (2) 24 and C(A) are locally p-connected 
in the sense of Lefschetz for >0, (3) any mapping of a polyhedron into C(A) or 24 
is homeotopic toa constant, (4) the homology groups of 24 of dimension greater than 0 
vanish, (5) (theorem of Wodjslawski) A is locally connected if and only if 24 (or C(A)) 
is an absolute retract. Two new proofs of this latter result are given, depending on the 
results previously stated and on characterizations of absolute retracts by Lefschetz 
and by Borsuk respectively. (Received March 25, 1940.) 


288. B. O. Koopman: Intuitive probability and sequences. 


This paper forms a second part of the study of the foundations of probability 
regarded as a branch of intuitive logic, the first part having appeared in the author's 
paper, The axioms and algebra of intuitive probability (abstract 45-1-92; Annals of 
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Mathematics, (2), vol. 41 (1940), pp. 269-292). The object is to set forth its connec- 
tion with the objective notion of statistical weight or frequency in a sequence of 
trials. The chief theorems assert that when the values of such frequencies are given 
(for example, by physical laws) and when the conditions of the trials in each sequence 
are “essentially similar” (in the precise language of the intuitive theory), then the 
intuitive probabilities of success are to one another as the frequencies. No general 
principles beyond those assumed in the earlier paper are required, nor does the theory 
seek an objective definition of random as do the theories of collectives. The present 
theory thus reveals itself as perfectly capable of dealing with the objective conception 
of probability involved in statistics and quantum mechanics. It is shown moreover 
that every experimental application of collectives presupposes in last analysis the 
intuitive concept of probability. (Received March 21, 1940.) 


289. H. L. Krall: Orthogonal polynomial solutions of a certain fourth 
order differential equation. 


It is found that there are four classes of nonclassical orthogonal polynomials which 
satisfy a differential equation of the type )-'_o)_;-0 Ljxiye (x) =Anyn(x). One of these 
classes is a new set of orthogonal polynomials whose derivatives are also orthogonal 
polynomials. (Received March 19, 1940.) 


290. J. P. LaSalle: Applications of the pseudo-norm to the study of 
linear topological spaces. 


The pseudo-norm of Hyers, which may be defined for any linear topological space 
(L.t.s.), is here used as a “pseudo-metric” to define closure for a I.t.s., and it is shown 
that this definition of closure is equivalent to that of von Neumann. This of course 
enables one to state necessary and sufficient conditions for the continuity of functions, 
convergence, and so on, in terms of the pseudo-norm. In particular a necessary and 
sufficient condition is given that the weak convergence of a sequence of linear func- 
tions on T to T’, T and T”’ |.t.s.’s, implies that the limit of the sequence be linear. 
Also a characterization of a I.t.s. on which there is defined a non-null linear functional 
is given in terms of a pseudo-normed linear space in which there is defined an opera- 
tion of “multiplication.” (Received March 9, 1940.) 


291. P. E. Lewis: Characters of abelian groups. 


Any homomorphism of an abelian group A in an abelian group V is termed a 
character of A in V. The problem under consideration is to characterize those pairs 
of groups A and V satisfying one of the following conditions: (a) the character group 
of A in V is isomorphic to A; (b) the character group of B in V is isomorphic to B 
for every subgroup B of A; (c) the character group of A/B in V is isomorphic to A/B 
for every subgroup B of A. Among other results it is found that (c) implies the finite- 
ness of A and that (a) likewise implies the finiteness of those groups A which contain 
only elements of finite order. If condition (b) holds, then A is either finite or a direct 
sum of a finite number of infinite cyclic groups. In each case an almost obvious con- 
dition has to be imposed on V. The theory is developed so as to include not only 
ordinary abelian groups but also certain classes of groups admitting a ring R (not 
necessarily commutative) as operator system. (Received March 9, 1940.) 


292. D. T. McClay: On certain manifolds of somas. 


This paper contains the complete classification of chains of somas with respect to 
a 27-parameter continuous subgroup of the pseudo-conformal group; the results are 
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applied in the consideration of one-parameter families of somas. Analogues are found 
for the configuration of six linear complexes in involution and other configurations in 
projective line-geometry. (Received March 28, 1940.) 


293. E. J. McShane: On the theory of relative extrema. 


The problem of minimizing a function while giving assigned values to » other 
functions is discussed in a sufficiently general setting to be useful in the calculus of 
variations. The necessary conditions on the first derivatives are obtained. For p=1, 
the necessary conditions on the second derivatives are obtained without assumptions 
of normality. (Received March 15, 1940.) 


294. Saunders MacLane and O. F. G. Schilling: Normal algebraic 
number fields. 


Let K be a normal extension with Galois group {o, - - - } over the algebraic num- 
ber field k. Let » denote the prime divisors of k. A set of local algebra classes 
H={H,, all p} is termed an “ideal algebra” if H,~k, for all but a finite number of 
prime divisors. The group of all H contains the subgroup H(K) of all H with 
H,XK*~K»?. Thus, H(K) contains the group of all actual algebras Sx which are 
split by K. Restricting Hx, Sx to subgroups Hg , Sx which are “relatively prime” to 
a suitable module M (determined by K) one finds that the index J= [Hg :Sx ] equals 
the l.c.m. of the orders of the elements «. The index J can be interpreted in terms of 
factor sets of ideals. Finally, another expression for J is obtained by direct computa- 
tion, using the arithmetic theory of index reduction. (Received March 12, 1940.) 


295. Margaret P. Martin: A sequence of tests for the convergence and 
divergence of infinite series. 


The well known de Morgan and Bertrand sequence of tests for the convergence 
and divergence of infinite series involves an expression for the ratio 7, of one term of 
the series being tested to the preceding term. This paper contains a similar sequence 
of tests involving an expression for the ratio Rn =1n41/rn of one ratio to the preceding 
ratio. The proof is based on one of a series Of integral tests developed by R. W. Brink 
(Annals of Mathematics, (2), vol. 21 (1919), pp. 39-60) and on a method of generaliza- 
tion of Brink’s tests given by C. T. Rajagopal (this Bulletin, vol. 43 (1937), pp. 405- 
412). The applicability of the tests to series which would be difficult to test by other 
known tests is illustrated. (Received March 26, 1940.) 


296. Karl Menger: On shortest polygonal approximations to a curve. 


In an euclidean space, let A be an arc of length /(A), and let Fi, Fe, --- be finite 
subsets of A getting indefinitely dense in A. If for each n, P, is a shortest polygon 
through the set F,, and \, the length of P,, then the polygons P;, P2,--- converge 
toward A, and the numbers Ay, 2, - - - toward /(A). The theorem holds for any con- 
tinuous curve A whose length does not surpass that of any continuous curve passing 
through all points of A. As was previously proved (Mathematische Annalen, vol. 103, 
p. 467), each arc is in this sense a shortest path through all its points. (Received 
March 12, 1940.) 


297. A. B. Mewborn: Abstract local geometry of paths. II. 


In the local geometry of paths defined in terms of distinguished (normal) coordi- 
nates (this Bulletin, vol. 46 (1940), p. 31) a new linear connection form, defined by 
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the use of a modified and somewhat more general Fréchet differential in the coordi- 
nate Banach space, has been found. The curvature form based on this connection 
does not vanish identically, and hence this space of paths is not necessarily even lo- 
cally flat. Also some theorems on the local domains of paths as open sets have been 
found. (Received March 11, 1940.) 


298. A. D. Michal: Higher order differentials of functions with argu- 
ments and values in topological abelian groups. 


The author (see abstract 46-1-25) has already studied first order differentials of 
functions f(x) of a topological abelian group variable x with values in a topological 
abelian group. The present paper gives an inductive definition of mth order differ- 
entials of f(x) at x =x9 by assuming the existence of the n—1 previous higher order 
differentials at x =xo. Several fundamental theorems are proved—including a unicity 
theorem for all values of the increments and theorems on higher order differentials 
of functions of functions. As in the case of first order differentials, the real number 
system does not enter into the theory and so a new flavor is given to an ancient sub- 
ject and its generalizations. (Received March 27, 1940.) 


299. A. D. Michal and Max Wyman: Characterization of complex 
couple spaces. 


In considering generalizations of classical complex analysis for complex Banach 
spaces it seems desirable to consider complex couple spaces. This paper attempts to 
characterize such spaces. In this connection the following two theorems can be proved. 
I. A necessary and sufficient condition that an arbitrary complex Banach space B 
bea complex couple space is that there exist a function Z on B to B with the proper- 
ties: (a) Z:+Z2=ZitZs, (b) iZ=—iZ, (c) Z=Z, (d) ||Z|| =||Z]]. 11. A necessary 
and sufficient condition that an arbitrary complex Banach space B be a Hermitian 
couple space is that: (a) B must possess a Hermitian inner product [Z, U], (8) there 
exist a function Z on B to B such that: (8;) [Z;, Z.]=[Z:, Zs], (62) Z=Z. By a 
Hermitian couple space is meant one that is generated from a real Banach space with 
a real inner product. (The paper will appear in the Annals of Mathematics.) (Re- 
ceived March 9, 1940.) 


300. A. N. Milgram: On the length of continuous curves. 


A Jordan continuum C in a given metric space may be in many ways considered 
as a continuous curve, that is, continuous image of a finite interval [a, b]. Call u(C) 
the greatest lower bound of the lengths of these curves. If C € C’ are two Jordan con- 
tinua, it frequently happens that u(C) >u(C’). It is shown however, that u(C) <2u(C’) 
and that 2 is the best estimate; that is, for each e>0, there are pairs of continuous 
curves CC C’ such that u(C’) =1and u(C) >2—«. If Misa subset of a compact convex 
metric space S, the Jordan continuum C is called shortest join of M if C3 M and for 
each C’ containing M gives u(C) <u(C’). Then for each subset M of S there exists a 
shortest join C of M, and C is obtained by adding an at most denumerable number of 
straight line segments to the closure of M. (Received March 12, 1940.) 


301. A. N. Milgram: Partially ordered sets and the covering theorems 
of topology. 


Let P be a partially ordered set with a unit 1, that is, an element such that for 
each x of P, x1 implies x<1. If P has a denumerable separating system and P’ 
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is any upper inductive subset of P such that, for each x e P’, if x ~1 there exists y e P’ 
such that x<y, then P’ contains the unit. Let P be the class of open subsets of the 
space S, let {O} be a covering of S and P’ the set of sums of denumerably many 
elements of {0}. Then, the hypotheses of the theorem hold. The conclusion, that is, 
that 1 e P’, means that S is the sum of denumerably many sets in {0}. That is the 
Borel covering theorem for completely separable spaces. Another theorem about 
partially ordered sets yields the Heine-Borel covering theorem for compact spaces. 
The definitions of separating system and of inductiveness are given in an earlier paper 
of the author (Reports of a Mathematical Colloquium, (2), issue 1 (1939), p. 18). 
(Received March 9, 1940.) 


302. W. L. Mitchell: Topological rings and infinite matrices. 


It is noted that the set of all continuous linear transformations of a topological 
group into itself forms a ring. In particular, if the topological group admits a topologi- 
cal ring as a ring of operators, and relative to this ring possesses a basis, finite or 
infinite, the ring of continuous linear transformations forms a ring of matrices, finite 
or infinite. Some simple properties of these matrices are developed. Some properties 
of special topological rings are also discussed. (Received March 14, 1940.) 


303. R. L. Moore: Concerning separability. 


It is shown that if a non-separable space satisfies Axioms 0 and 1 of the author’s 
Foundations of Point Set Theory (American Mathematical Society Colloquium Publi- 
cations, vol. 13, 1932), then it contains uncountably many mutually exclusive do- 
mains. (Received March 21, 1940.) 


304. D. C. Murdoch: A characterization of abelian quasi-groups. 


An abelian quasi-group is one which satisfies the generalized associative law 
(ab) (cd) = (ac) (bd). This paper contains a complete characterization of all quasi-groups 
of this type. It is shown that every abelian quasi-group isthe direct product of a self- 
unit quasi-group (one in which every element is a right unit) with one which contains 
an idempotent element. All quasi-groups of the latter type can be constructed by 
defining certain new operations in abelian groups while all self-unit ones can be 
formed by defining similar new operations in those quasi-groups, already constructed, 
in which all elements are idempotent. (Received March 11, 1940.) 


305. Lewis Nelson: An Abel integral equation with constant limits 
of integration. 

Applying the method of T. Carleman (Mathematische Zeitschrift, vol. 15 (1922), 
pp. 111-120) this paper shows the uniqueness of and gives the solution ¢(£) of the 
integral equation /¢(x— (E—x) “9 =f(x) where 0<a<1,0<x<1, 
\x— é| —*$(£) is integrable over 0<£<1, and f(z) is analytic in a domain of the com- 
plex plane containing the real axis from 0 to 1 of z=x+iy. (Received March 9, 1940.) 


306. Philip Newman: The geometry of the (2, 2) planar connex. Pre- 
liminary report. 

A convex f(x:x2%3, uy%2us3) (Clebsch, Vorlesungen iiber Geometrie) of second order 
and second class defines two quadratic systems of ©? conics each, point and line re- 
spectively. The equations pv;=f.;,, cy: =fu;, i=1, 2, 3, define an element (y, v) con- 
jugate to the element (x, u). These same equations define a multiple valued contac 
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transformation of the element (u, y) into four elements (x, v). A pencil of lines () 
on the point (y) will be transformed into a series of conics quadritangent to a general 
quartic. A geometry thus appears in the (x) plane with conic and quartic as dual ele- 
ments. Properties of the systems of conics and quartics with respect to the discrimi- 
nant curves are studied. A related (3, 3) connex, the Jacobian of the first polar nets, 
is introduced. The representation of the system of (2, 2) connexes (35-parameter) on 
Veronese surfaces in 5-space obtained by projective transformations of two funda- 
mental dual surfaces is also discussed. (Received March 25, 1940.) 


307. K. L. Nielsen: Concerning general boundary value problems for 
linear differential equations. Preliminary report. 


Trijitzinsky (Acta Mathematica, vol. 67 (1936), pp. 1-50) has obtained asymptotic 
representation of the solutions of the system, which in matrix notation is written 
Y(x, A) = Y(x, A) D(x, d), for x in the interval (c, d) and certain extending to infinity 
regions R for the parameter \. This system is associated with a linear differential 
equation of order n, L(x, d; ¥) =) =0. The two-point bound- 
ary value problem is formulated by considering the above system with the boundary 
condition Y(c, 4)W-+Y(d, })Wa=0, where W-. and Wa are matrices of constant 
terms. The author obtains theorems determining the values of \ for which the non- 
homogeneous boundary problem is possible when (c, d) is the interval for which 
Trjitzinsky’s existence theorem holds. He first considers the two-point problem; then 
the problem formulated by taking the conditions at a finite number of points in the x 
interval (c, d); that is, >." , ¥(a;, d) W.;=0; and finally obtains the restrictions neces- 
sary when considering the conditions at a denumerably infinite number of points in 
the interval (c, d). (Received March 4, 1940.) 


308. Rufus Oldenburger: Binary forms. 


In the present paper the theory of minimal numbers and representations intro- 
duced elsewhere is developed for binary forms, and is used to give a solution of the 
problem of equivalence of these forms. The range of the minimal number for binary 
forms of degree n and field K, subject to minor restrictions, is 1, 2, - - - , m. The maxi- 
mum value 7 is attained for the complex field if and only if the form has a repeated 
linear factor of degree n—1. The minimal number of a binary form F for a field K 
exceeds a class of 2-way ranks of tie form which have maximum values. For the 
whole set of these ranks, formally studied elsewhere, no simple applications were 
found until the present paper. The linear forms in a minimal representation of F with 
respect to K are factors of a form transforming covariantly with F. If the minimal 
number of a form is not too large, the associated representation is unique, in which 
event there is a simple answer to the problem of the equivalence of this form to an- 
other form. For the complex field the minimal number can be expressed in terms of 
resultants and 2-way ranks only. (Received March 28, 1940.) 


309. C. D. Olds: On the number of representations of the square of an 
integer as the sum of an odd number of squares. 


Let N,(n?) denote the number of representations of the square of a positive in- 
teger n as the sum of r squares. By analytical means it is possible to derive formulas 
for N,(n?) when r =3, 5, 7 which involve only the divisors of n (see G. Pall, Journal 
of the London Mathematical Society, vol. 5 (1930), pp. 102-105). In this paper it is 
shown that these results can be obtained in an elementary manner by using only 
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arithmetical reasoning. Use is made of certain fundamental identities for arbitrary 
parity functions due originally to Liouville and which have since been proved arith- 
metically. When r =3 and 7, the method is an extension of that used by A. Hurwitz 
(Mathematische Werke, vol. 2, pp. 5-7) in his solution of the case when r=5. When 
r =3, a second derivation is given, the method being a generalization of T. J. Stieltjes’ 
solution of the case when r=3 and n=p* where p is a prime number identical to 1 
(mod 8). (See Correspondance d’Hermite et de Stieltjes, vol. 1, pp. 89-94.) (Received 
March 8, 1940.) 


310. Oystein Ore: Remarks on structures and group relations, 


This paper gives the conditions for three elements in an arbitrary structure to 
form a Dedekind structure. The results are applied to show that two normal sub- 
groups and an arbitrary third always form a Dedekind structure. (Received March 
25, 1940.) 


311. Oystein Ore: The extension problem for groups. 


This paper contains a discussion of the properties of extensions and factor sets 
and it is shown that by a special reduction method any extension may be reduced to 
abelian extensions. Among the applications are criteria for splitting extensions. (Re- 
ceived March 25, 1940.) 


312. E. W. Paxson: Strictly convex metric spaces. 


Extending an idea used by J. A. Clarkson in linear spaces (Transactions of this 
Society, vol. 40 (1936), pp. 396-414), a metric space is called strictly convex if tri- 
angles degenerate uniquely, that is, if the equations p(x, u)+p(u, y)=p(x, y), 
p(x, u) =aSp(x, y), for example, have a unique solution u(x, y; a). It is then shown 
that multiplication by real numbers and addition may be defined, the latter via a 
parallelogram construction. These defined entities verify the properties of those in a 
linear space. The only exceptional point is that associativity of addition is equivalent 
to the trisection theorem on the medians of a triangle, which may be postulated in a 
purely metric way. (Received March 1571940.) 


313. P. M. Pepper: Concerning pseudo-planar-quintuples. 


A pseudo-planar-quintuple is a metric space of five points not congruently im- 
beddable into the euclidean plane, although each four point subset is so imbeddable. 
A convex space into which each member of the five-parameter family of pseudo- 
planar-quintuples in congruently imbeddable consists of three euclidean semi-planes 
joined along a common line. The triangular dihedra are a three-parameter family of 
convex spaces such that each pseudo-planar-quintuple is congruently imbeddable 
into some member and a two-parameter family of the quintuples into each member. 
(Received March 29, 1940.) 


314. I. E. Perlin: Sufficient conditions that polynomials in several 
variables be positive. 

In this paper the author considers polynomials in variables with real coefficients. 
By inserting parameters he obtains polynomials in the parameters which satisfy cer- 


tain recursion relations. Sufficient conditions that the original polynomial in the n 
variables be positive for all real values of the arguments are obtained. These condi- 
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tions are expressed in terms of the coefficients of the given polynomial and the roots 
of the polynomials in the parameters. (Received March 14, 1940.) 


315. Sam Perlis: Scalar extensions of algebras with exponent equal to 
index. 


If A is a normal simple algebra with equal index and exponent, one may inquire 
whether all scalar extensions Ax also have this property. It is shown, in essence, that 
this property is preserved for all separable extension fields K of finite degree if and 
only if this is true for all cyclic fields K of prime degree. For purely inseparable 
extensions K an example is constructed in which A is a cyclic division algebra of 
index and exponent four over an appropriate field of characteristic two, but Ax has 
index four and exponent two. The example also shows that for every integer r>1 
there exists a modular field of degree of imperfection r such that not all p-algebras 
over this field have equal index and exponent. This is in contrast to the case r=1. 
(Received March 5, 1940.) 


316. W. T. Puckett: On arc-preserving transformations. 


Let T(M)=M_’ be an arc-preserving transformation (G. T. Whyburn, American 
Journal of Mathematics, vol. 58 (1936)). In case M is cyclicly connected and con- 
tains a simple closed curve J such that T(J) is not an arc, the inverse transformation 
T-(M’) is single-valued. If, in addition, M is strongly arcwise connected, then T is 
continuous and consequently topological. The set M is said to be strongly arcwise 
connected, provided every infinite collection of its points contains an infinite sub- 
collection which lies on an arc in M. (Received March 11, 1940.) 


317. H. A. Rademacher and A. L. Whiteman: On Dedekind sums. 


The sums under consideration appear in the transformation formula of log n(z), 
and were first investigated by Dedekind in his Erldéuterungen zu den Riemannschen 
Fragmenten iiber die Grenzfalle der elliptischen Modulfunktionen (Riemann’s Werke, 
1876, pp 438-447). The present paper consists of three parts. The first part contains 
proofs of arithmetical formulas which Dedekind partly derived by analytic methods 
and partly stated without proofs. The second part verifies the equivalence of Rie- 
mann’s and Dedekind’s results. The last part contains new arithmetical formulas 
involving Dedekind sums. These formulas are used to obtain simple proofs of 
Lehmer’s results about the sums A;(m) which appear in the theory of partitions 
(Transactions of this Society, vol. 43 (1938), pp. 271-295). (Received March 25, 
1940.) 


318. H. J. Riblet: Factorization of differential ideals in an algebraic 
differential field. 


This paper gives conditions sufficient to insure the unique factorization of differ- 
ential ideals. The problem of extending these properties to algebraic differential fields 
is discussed and sufficient conditions are given for a factorization theorem. (Received 
March 25, 1940.) 


319. J. H. Roberts: A theorem on dimension. 


Hurewicz has shown that if X is a compact metric space, and Y=f(X), where f 
is an at most (k+1)-to-1 continuous mapping, then dim YSdim X +k. He has raised 
the following question: Given a compact metric space Y of dimension m (n >0), does 
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there exist for every k (0<k <n) a compact metric space X of dimension n—k and 
an at most (k+1)-to-1 continuous mapping f such that f(X) = Y? The present paper 
gives an affirmative answer to this question. This result, combined with the above 
theorem of Hurewicz, yields the following characterization of dimension: The com- 
pact metric space Y is of dimension n (n >0) if and only if Y is the image of an (m —1)- 
dimensional compact metric space X under a continuous, at most 2-to-1, mapping. 
The hypothesis that X and Y are compact can be replaced throughout by the hypothe- 
sis that they are separable, provided that f is restricted to be reciprocally continuous 
(beiderseits stetig). (Received March 29, 1940.) 


320. Barkley Rosser: An additional criterion for the first case of 
Fermat's last theorem. 


It has been proved in a succession of papers due to numerous authors that if p isan 
odd prime and a?+5?+c?=0 has a solution in integers prime to p, then m?=1 
(mod p?) for each prime m $41. The methods which work for m £41 lead to excessive 
computation when applied to m =43. In this paper a new method especially adapted 
to m’s of the form 6n-+-1 is developed, and applied in the case of m =43 to prove the 
result quoted above for this case also. (Received March 28, 1940.) 


321. A. C. Schaeffer and Gabor Szegé: Inequalities for harmonic 
polynomials in two and three dimensions. 


The first part deals with two dimensional, the second part with three dimensional 
harmonic polynomials. I. The basic result is a formula of interpolatory character 
representing a given linear combination of the coefficients of a harmonic polynomial 
U(n, ¢) of degree n in terms of U(1, ¢) at 2” equidistant points. Here only the follow- 
ing application should be mentioned: let U(1, ¢) 20 and let on(¢) be the nth Cesaro 
means of U(1, ¢). Then no,(¢)= | grad U(1, ¢)|. This theorem includes Szegé’s 

“gradient theorem” which states that | grad U(1, ¢)| <n provided | ¢)| $1. 
II. The second part deals with the following problem. Consider all three dimensional 
harmonic polynomials U(P) = U(x, y, 2) of degree satisfying the condition | U(P)| 
1 for x?+-y?+2? <1. If Q isa fixed point in space at a distance R>1 from the origin, 
an explicit expression for the maximum of | u(Q)| is obtained in terms of R and n. 
The asymptotic value of this maximum as n—© is (x'/2/2)(1—R-*)"/2n'/2R», 
whereas the corresponding maximum in the two dimensional case (as already known) 
is exactly R*. (Received March 9, 1940.) 


322. G. E. Schweigert: Equivalence of pointwise periodic and in- 
terior transformations on dendrites. 


Given that T(A)=B is continuous, A and B are dendrites, and 7~1(b) is finite 
for each point b in B, what are the conditions under which it is possible to define a 
pointwise periodic homeomorphism f(A) =A such that for each b in B and each x 
in T-1(b) the point-orbit of x is exactly the set T-1(b)? Since an interior transforma- 
tion S which carries A into the orbit space is induced whenever h exists, one looks 
to the preservation of open sets and other known necessary. conditions to answer this 
question. A sufficient set of such conditions is found and hi is effectively defined to 
within the choice of permutation for certain inverse sets. The conditions are simple 
and represent a kind of symmetry necessary in A; they may be varied slightly to 
suit a given case. Given T the h defined induces T; given h the induced S allows us to 
rediscover h to within the occasional choice of permutation in an orbit. Special care 
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was taken throughout to avoid methods that would not be useful in a similar problem 
for Peano spaces. (Received March 20, 1940.) 


323. R. W. Shephard: The length of production and related dynamic 
aspects of a simplified economic system. Preliminary report. 


By consideration of mean values and totals of integrals over the length of produc- 
tion, the equations of equilibrium of an economic system can be replaced approxi- 
mately by those of a simplified system involving a time lag. The plans of the producers, 
taken with reference to certain technical functionals, are given in terms of current 
and expected future prices. Under somewhat general assumptions concerning the 
relation of stocks to the demand for capital and consumption goods, it is found that 
the quantities of the system may be completely determined. The character of this 
determination is investigated by a study of small changes. (Received March 11, 1940.) 


324. Max Shiffman: The Morse relations in the Plateau problem for 
several boundaries. 


Let Ti, T2,---, Tbe & prescribed non-intersecting Jordan curves in space. This 
paper establishes the Morse relations for minimal surfaces bounded by these k curves 
if degenerate as well as nondegenerate surfaces are included. The space 9; of circular 
domains of representation with k boundaries are introduced and those points on each 
circle which are mapped into three specified points of I, are marked and considered 
parts of the domain. Degenerate domains are also introduced and limit is defined. 
It is shown that §; is a metric space and its connectivity numbers are determined. 
The paper then deals with the behavior of the Dirichlet functional over the space B 
of potential surfaces defined over the domains of tz. This behavior permits carrying 
over the results obtained by the author in previous work on the case of one boundary 
(Annals of Mathematics, (2), vol. 40 (1939), pp. 834-854). A similar theory was de- 
veloped independently by Morse and Tompkins (Annals of Mathematics, (2), vol. 40 
(1939), pp. 443-472). (Received March 29, 1940.) 


325. W.S. Snyder: Functions of simple figures. Preliminary report. 


Let F be a function defined on a class S of subsets of euclidean n-space. Assuming 
certain simple properties of the elements of S it is possible to develop a comprehensive 
theory of the derivatives and the Burkill integrals of F. These results include and 
extend the principal results of Banach, Burkill, Saks and Kempisty. The purpose of 
the paper is to establish a theory which is sufficiently general to cover the most im- 
portant applications known at the present time. (Received March 15, 1940.) 


326. D. C. Spencer: On finitely mean valent functions. 


Suppose that f(z) is regular in the unit circle |z| <1, and that W(R) is the area 
(multiply covered regions being counted multiply) of the portion of the transform of 
|z| <1 by f which lies in the circle |w| <R. Then if W(R)SpxR? for all R>O, 
where ? is a positive number (not necessarily integral), f(z) is said to be mean p-valent. 
Let A(r) be the area of the transform of || <r by f(z), M(r, f) the maximum modulus 
of f(z) on the circle |z| =r. Functions f satisfying the condition (less restrictive than 
the one given above) that A(r)<pxM7(r, f) are described as having weak mean 
valency p. These definitions were first suggested to the author by Professor J. E. 
Littlewood. In this paper it is shown that many of the properties of p-valent functions 
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are possessed by mean p-valent functions, but not by the wider class of weak mean p- 
valent functions. Inequalities are obtained for the mean values of a mean p-valent 
function f and its derivative analogous to those already known for p-valent functions, 
and bounds are deduced from these inequalities for the coefficients in the power series 
of f. (Received March 18, 1940.) 


327. D. C. Spencer: On finitely mean valent functions. 11. 


This paper is a sequel to one of the same title of which the abstract appears above. 
Here the rate of growth of mean p-valent functions is discussed. It is shown, for ex- 
ample, that if f is mean p-valent and 0 <r <1, then |f| on the circle |z| =r is of order 
(1—r)-?? at most. Another (and related) result is that schlicht functions which fill 
only an infinitesimal part of the plane are of infinitesimal order. Theorems concerning 
the behavior of mean p-valent functions on arbitrary paths tending to the circumfer- 
ence |z| =1 are also included. The results of the paper remain true under hypotheses 
less restrictive than that of mean p-valency. If the theorems of this paper are com- 
bined with those of the paper above, it is found, for example, that if f is mean p-valent 
and of the form f then | an| =0O(n?/k-1) when p>k/4 (the restriction 
that p>k/4 is actually necessary). (Received March 18, 1940.) 


328. Alvin Sugar: On a result of Hua for cubic polynomials. 


L. K. Hua showed that every integer can be additively represented by seven val- 
ues of certain cubic polynomials (Téhoku Mathematical Journal, vol. 41 (1935-1936), 
pp. 361-366). The writer by a shorter method, with more general cubic polynomials, 
proves that five, and in some cases four, values suffice. (Received March 30, 1940.) 


329. J. L. Synge: On the electromagnetic two-body problem. 


The system under discussion consists of two charged particles (hydrogenic atom). 
The argument is relativistically invariant (in the sense of the special theory), but 
classical in the sense that quantum mechanics is not involved. The field due to a 
particle is that of the usual retarded potential, and the force on a particle the usual 
ponderomotive force, without any “radiation” term. The problem has been treated 
previously in two limiting cases: (1) small velocities (Darwin), (2) small mass-ratio 
(Sommerfeld). Neither of these approximations gives any degeneracy of the motion 
(radiation of energy). In the present paper a general method of successive approxima- 
tions is sketched, and applied to the Sommerfeld approximation, but with inclusion 
of higher-order terms arising from the motion of the nucleus. A full calculation is 
carried out for the case where the orbit of the lighter particle is approximately circu- 
lar. It is found that the orbit decreases steadily in radius, remaining circular. Thus 
there is degeneracy, but the radiation of energy is much less than that usually quoted, 
which is derived from a computation of flux of energy at infinity. (Received March 16, 
1940.) 


330. Olga Taussky and John Todd: On determinants of quaternions. 


The usual definitions of determinants whose elements are (real) quaternions do 
not ensure the reality of a “hermitian” determinant. A definition which does this can 
be given. With this definition the so-called Gram’s determinants are investigated 
and the results are applied to extend recent work of H. and F. J. Weyl on unitary 
metrics in projective space (Annals of Mathematics, (2), vol. 39 (1938), pp. 516-538 
and vol. 40 (1939), pp. 141-148 and 634-635). The metric thus obtained has the inter- 
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esting property that a point need not have a zero distance from itself. (Received 
March 25, 1940.) 


331. H. P. Thielman: On the convex solution of a certain functional 
equation. 


In this paper the following theorem is proved: The only convex solution of the func- 
tional equation 1/f(x+a) =x?f(x) (x >0,a >0, p >0) is F(x) = [B(x/2a, 
This is an analogue of a theorem by E. Artin (Einfihrung in die Theorie der Gamma- 
funktion, Hamburger mathematische Einzelschriften, no. 11, 1931, p. 12), which 
states that if f(x) is a continuous solution of f(x+1) =xf(x), and if log f(x) is convex, 
then f(x) =aI'(x), where a is an arbitrary constant. A. E. Mayer (Acta Mathematica, 
vol. 70 (1938), pp. 61, 62) has shown that Artin’s theorem cannot be improved by 
replacing the convexity of log f(x) by the mere convexity of f(x). He has given ex- 
amples of functions which are convex, satisfy the equation f(x+1) =xf(x), but are 
essentially different from aI'(x), where a is any constant. For the result of this paper 
it was not necessary to assume the convexity of the logarithm of the solution. The 
special case a=1, p=1 of the present theorem was given by Mayer in the paper re- 
ferred to above. (Received March 14, 1940.) 


332. R. M. Thrall: A note on a theorem by Witt. 


Let G* denote the cth member of the lower central series of any group G. If F is 
the free group with m generators, E. Witt (Journal fiir die reine und angewandte 
Mathematik, vol. 177 (1937), pp. 152-160) has shown that F°/F¢*! is a free abelian 
group with N generators and N=1/c)_u(c/d)n where » is the Mébius p-function 
and the summation is over all divisors of c. Let Q= F/H, where H, is the smallest 
group containing all gth powers in F. In this note it is proved that if p is a prime less 
than c and g=, then Q¢/Q**! is abelian and of order g. This result is applied to the 
commutator calculus for groups of small class. (Received March 14, 1940.) 


333. Gerhard Tintner: Fourier integrals as Bessel differential opera- 
tors. Preliminary report. 

Let g(v) =/[exp (—ivx) ]f(x)dx, where the limits are — » and + ~ and f(x) can be 
developed into a Taylor series in terms of 1/x, f(x) =h(1/x) =exp (z/x)—>h(t) for t=0, 
where z=d/dx. Then by Cauchy’s theorem: g(v) =2)_ 
= (z/(—izv)"/2)I,(2(—iav)"2)—+g(t)| +0 where J; is a Bessel function for purely imagi- 
nary argument. Let also m)=f--- S ivi) Flom, 


where each integral runs from — to +. Define 2;=0/0x;. 
—H (ty, tz, +++, tn)| t;20, which can also be expressed as the product of » Bessel differ- 


ential operators. It is believed that this method may yield useful approximations in 
the evaluation of statistical distributions by the method of characteristic functions. 
(Received March 14, 1940.) 


334. W. J. Trjitzinsky: Developments in the analytic theory of alge- 
braic differential equations. 

This work to appear in the Acta Mathematica presents an extensive analytic the- 
ory of algebraic differential equations F=0, where Fisa polynomialin y, y, +--+ , y™. 
In F the coefficients are polynomials in x or, more generally, they are functions, ana- 
lytic in certain regions extending to infinity and therein asymptotic to series of the 
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form x™[ao+a:x-!+ --- ] (integer m). The case is also considered when the coeffi- 
cients are continuous in x on an interval and contain a parameter. The main results 
amount to the following. When the equation F=0 has a formal solution s of the same 
type as occurs in the corresponding linear case, one can always construct regions R 
and “actual solutions” y of F=0 for which y~s® (7=0, - - - , m; in R; to k(t) terms; 
k(t)— © with t). Essentially, the regions are determined by the character of a certain 
linear problem associated with F=0. (Received March 19, 1940.) 


335. V. J. Varino: A note on matrices over a principal ideal ring. 


Let A and B be square matrices with elements in a principal ideal ring B. An 
algorithm for finding the greatest common right divisor and least common left multi- 
ple of A and B is given. It is also shown that any two greatest common left divisors 
are left associates, and similarly for any two least common left multiples. (Received 
March 14, 1940.) 


336. C. W. Vickery: On cyclically invariant graduation. 


Let f(t) be a function of a real variable ¢t. Let Z be a random variable symmetri- 
cally distributed about the mean E(Z) =0 and having a (cumulative) distribution 
function F(z). The graduation f*(t) of f(#) is defined as follows: f*(t)=A - E{f(¢+z)} 
f(t+z)d F(z). If A= { E(cos Z)}-1= { 2)d F(z) }-1, then sin ¢ and cos t 
are invariant with respect to this operation. In applications, Z may be assumed to 
have a normal distribution, a symmetrical Bernoulli distribution, and so on. The 
coefficient A corrects Spencer’s and similar graduation formulae so that sin ¢ and cos ¢ 
are invariant with respect to their application. (Received March 9, 1940.) 


337. C. W. Vickery: On spaces (€) and Moore spaces. 


In order that a space S be a Moore space (F. B. Jones, this Bulletin, vol. 43 
(1937), p. 675) it is necessary and sufficient that it satisfy the following conditions: 
(1) S is a space (E) of Fréchet (Les Espaces Abstraits, p. 214); (2) the derived set of 
every point set is closed; (3) S is regular. These conditions are independent. (Re- 
ceived March 9, 1940.) 


338. T. L. Wade: Subgeometries of projective geometries as theories of 
tensors. 


This paper is concerned with the consideration of a subgeometry of classical (flat) 
projective geometry as the theory of a tensor in lieu of the customary consideration 
of such a geometry as the theory of a subgroup of the general linear projective trans- 
formation group. Affine, euclidean (parabolic), elliptic, and hyperbolic geometries are 
each treated as the theory of a tensor. Fundamental theorems are given whereby all 
algebraic concomitants in these geometries in 2-space can be constructed as tensors of 
order zero; also a large number of examples connecting the tensor-invariant method 
with the existent literature are given. Further, it is pointed out how a presentation 
of the metric subgeometries of projective geometry as the theories of tensors gives 
additional insight into their differences. “Distance tensors” for the three metric ge- 
ometries are introduced. (Received March 28, 1940.) 


339. A. D. Wallace: An analysis of non-alternating transformations. 


If T(A)=B is a non-alternating transformation on the locally connected con- 
tinuum A, then there exists a unique A-set Aosuch that Ao is irreducible with respect 
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to the property of mapping onto B under T. If r(A) = Ao is the hereditarily monotone 
transformation which retracts A onto Ao and ¢ is the transformation T restricted 
to Ao, then T =#r and t(Ao) =B is a non-alternating transformation which maps cut- 
points into cut-points. Further if T= 727; and t=, are factored in accordance with 
the Whyburn-Eilenberg theorem, then 72 and f2 are equivalent as are 7; and hy. 
Moreover the transformation T2 takes cut-points into cut-points. (Received March 
25, 1940.) 


340. A. D. Wallace: On certain classes of subcontinua. 


In what follows S will denote a metric continuum and Roman numerals will be 
used to designate classes of closed sets in S defined as I: all subcontinua of S; II: all 
closed sets X in S such that if Ke I then X-K eI; III: all retracts X =r(S) such that 
if Ke land X-K <0, then X-K=r(K); IV: all hereditary monotone retracts of S; 
V: all sets X such that if Y is a closed set in X which separates X between two points, 
then Y separates S between these same points. In this paper alternative characteriza- 
tions are given for these classes of sets and the transformations involved in their 
definition. The invariance of these classes is proved for certain continuous trans- 
formations. These classes may be ordered in accordance with the theorem: For any 
continuum S we have V CIVCIIICIICI. Jf S is locally connected, the inclusions (ex- 
cept the first) become equalities, but this does not hold in general. (Received March 11, 
1940.) 


341. J. L. Walsh and W. E. Sewell: On the degree of convergence of 
harmonic polynomials to harmonic functions. 


Let R be the interior of an analytic Jordan curve C, and let the function u(x, y) 
be harmonic in R, continuous in R+C, and satisfy a Lipschitz condition of order 
a<1 on C. Then there exist harmonic polynomials p,(x, y) of respective degrees n 
such that (1) | f(x, v) —pn(x, y)| < M/n* for (x, y) on R+C, where M is independent 
of (x, y) and n. Conversely, inequality (1) implies the continuity of u{x, y)on Canda 
Lipschitz condition of order a there. (Received March 27, 1940.) 


342. M.S. Webster: Maximum of certain fundamental Lagrange in- 
terpolation polynomials. 


This paper extends some of the results given in a previous paper (this Bulletin, 
vol. 45 (1939), pp. 870-873). Additional properties are also given for the maximum 
of certain fundamental Lagrange interpolation polynomials based on the zeros of 
Jacobi polynomials. Important use is made of the asymptotic expressions given by 
Szegé. (Received March 9, 1940.) 


343. Louis Weisner: Moduli of the roots of polynomials and power 
series. 


Let =ao2"0+ +a,2" (OSn0< be a polynomial with zero co- 
efficients suppressed, and let v»,=",—m,_1. For a fixed k, let p1,---, Pm be positive 
numbers, = 1, satisfying the inequality po+popfit PmS2popi--- pe, 
and let u,= | The author proves that if R<u, (s=1,---, k), R2u, 
(s=k+1,---, m), then the circle | z| <R includes just 1; roots of f(z). Various 
applications are made to the moduli of the roots of polynomials and power series. 
(Received March 27, 1940.) 
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344. Louis Weisner: Power series, the roots of whose partial sums lie 
tn a sector. 


With the aid of a generalization of the familiar inequality concerning the har- 
monic, geometric and arithmetic means of a number of positive numbers, the author 
proves the following theorem: If, for each m2mo, the roots of the partial sum of de- 
gree n of the formal power series f(z) =)_anz" lie in some sector with vertex at the 
origin and aperture a<z, then f(z) is an entire function of order zero. This theorem 
was proved for the case a=0 by G. Pélya (Rendiconti di Palermo, vol. 36 (1913)). 
(Received March 26, 1940.) 


345. D. W. Western: A method for analytic continuation. 


The results obtained in this paper provide an expansion for the analytic continua- 
tion of a function of a complex variable with finite singularities beyond the limits of 
the ring of convergence of the Laurent series. The region of convergence is determined 
by definition of major and minor circles, a notion introduced by Flora Streetman and 
L. R. Ford (American Mathematical Monthly, vol. 38 (1931), pp. 198-201). In the 
limiting position about the origin, the region of convergence has an inner boundary 
composed of the smallest circles through the origin and the inner singular points. 
The outer boundary has as its limiting form the straight lines through the outer 
singular points perpendicular to the radius vectors of these points. The expansion 
involves the parameter used in construction of the major and minor circles. It is in 
the form of a double series of integral terms, one series being a polynomial in z and 
the other a rational fractional function of z. (Received March 28, 1940.) 


346. F. J. Weyl: On the defect relation for meromorphic curves. 


The theory of meromorphic curves (see Herman and F. J. Weyl, Annals of Mathe- 
matics, (2), vol. 39 (1938), pp. 516-538) is an extension of R. Nevanlinna’s theory of 
meromorphic functions. Quantities m*(r; a), closely resembling in their behaviour the 
Nevanlinna defects of meromorphic functions, can be attached to the points a of the 
complex k-dimensional space R in which a meromorphic curve is defined. The theory 
of meromorphic curves culminates in a stringent estimate (analogous to R. Nevan- 
linna’s second main theorem) of the sum of such defects over any finite number of 
points a in R. In its previous formulation the validity of this so-called defect relation 
depends upon the assumption that the sum be extended over points which satisfy no 
accidental linear relations, that is, any (k+1) of which are linearly independent. In 
the present paper the defect relation has been reformulated so as to make this re- 
striction unnecessary without sacrificing essential parts of the original stringency. 
(Received March 29, 1940.) 


347. P. A. White: On certain relatively non-alternating transforma- 
tions. 


This paper considers certain properties of “G-non-alternating transformations,” 
as defined by A. D. Wallace (this Bulletin, vol. 46 (1940), p. 56). It is shown that 
ordinary non-alternating transformations and G-non-alternating transformations are 
the same when defined on a locally connected continuum A: (1) when G is the collec- 
tion of all finite sets, if and only if A is unicoherent; (2) when G is the collection of all 
continua, if and only if A is a boundary curve. The question of the equivalence of 
G-n.a. and monotone transformations is also answered for the collections defined 


436 ABSTRACTS OF PAPERS [May 


above. Finally, it is shown that the property of being a linear graph is invariant under 
a G-n.a. transformation, where G is the collection of all sets containing at most two 
points. (Received March 27, 1940.) 


348. Hassler Whitney: On regular families of curves. 


A new condition that a family of curves be “regular” is given. This is the same 
as that in Annals of Mathematics, (2), vol. 34 (1933), p. 244, Theorem 7A, except 
that the relation (2) is omitted. (Received March 19, 1940.) 


349. R. L. Wilder: Characterization of the lower dimensional gen- 
eralized manifolds by positional properties in Sy. 


In the earlier papers the generalized closed manifold of dimension n—1 (g. c. 
(n—1)-m.) has been characterized by its positional topological properties in n-space. 
The g. c. 1-m. (simple closed curve) in m-space has been similarly character- 
ized by P. Alexandroff (Annals of Mathematics, (2), vol. 36 (1937), p. 19). In the 
present paper the following characterization is obtained for all dimensions k: In order 
that a closed point set M in the n-sphere S, should be a g. c. k-m., it is necessary and 
sufficient that (1) p*-*-1(S, —M) =1 and p*-*-!(F) =0 for all closed proper subsets F 
of M; (2) S.—M be uniformly locally i-connected for i>n—k—1; and (3) S.— M be 
uniformly locally connected in terms of its bounding (n—k—1)-cycles. (Received 
March 15, 1940.) 


350. A. R. Williams: On a certain Cremona transformation between 
two (n—1)-spaces in S,. 

The author takes a linear system of «*~' quadrics in n-space. Then if a point P 
describes a (n —1)-space, its conjugate P’ with respect to all the quadrics of the sys- 
tem describes a variety V of order m and dimension n —1. But this variety is also the 
locus of the poles of the (n—1)-space with respect to the individual quadrics of the 
system. Hence P’ is the pole of the (n—1)-space with respect to some quadric of the 
system, and since the latter may be represented by a point P’’ in a (n—1)-space one 
has a Cremona transformation between two (m—1)-spaces, which if one wishes may 
be taken coincident. Thus V appears in two aspects and the loci on it occur in pairs. 
To a locus of order r on V will correspond two loci of orders 7; and rz on the two 
(n —1)-spaces. If r; is not equal to re, there will be another locus also of order r on V 
corresponding to loci of orders r2 and 7, respectively, in the two (m—1)-spaces. The 
study of the loci on V is facilitated by the Cremona transformation between the two 
(n —1)-spaces. (Received March 9, 1940.) 


351. J. R. Woolson: The mean of the iteration of linear operators in 
reflexive Banach spaces. Preliminary report. 


There exists a complex valued bilinear interspace inner product [F, f] on (B), 
B to the complex numbers. B is a complex Banach space and (B) is the space of linear 
functionals on B of bound || Fl. (B) is a space of the same type as B. If [F, f]=0 for 
all F, then f =0, and if [F, f]=0 for all f, then F=0. Let B and (B) be reflexive and 
define the adjoint of a linear operator A on B to Bas the operation A* on (B) to (B) 
such that [A*F, f]=[F, Af]. Define a projection as a linear operation such that 
P*=P. Using these concepts it is possible to demonstrate that n—')_j_ 1A ‘f approaches 
weakly a linear operation which is a projection. Weak convergence is functional con- 
vergence. (Received March 9, 1940.) 
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352. J. W. T. Youngs: On parametric representations of surfaces. 
Preliminary report. 


The paper is concerned with the study of certain concepts in topology and area. 
A continuous vector function r=r(a), defined on the surface of a sphere A (say) with 
values in 3-space, is a representation. If B is the image of A, then the totality of com- 
ponents of the inverse sets r~1(b), be B, constitutes an upper semi-continuous collec- 
tion 2. The set = can be topologized, and, by the Whyburn factor theorem, r(A) 
=L(M(A)), where M(A) = is monotone, and L(2) =B is light. Two representations 
ri and y2 are K-equivalent (Kerékj4rt6, Acta Szeged, vol. 3 (1927), pp. 49-67) if there 
exists a homeomorphism H(2;) = 22 such that L;(2;) =L2(H(22)). They are F-equiva- 
lent if the Fréchet distance between them is zero. This paper discusses the interde- 
pendence of these ideas and affiliated concepts in the theory of area. Kerékj4rt6 has 
shown that F-equivalence implies K-equivalence. Here it is shown that the theorem 
is still true if A and B are Peano spaces. Kerékjart6 and Morrey (American Journal of 
Mathematics, vol. 57 (1935), pp. 17-50) both prove the converse in special cases. 
Unfortunately an example shows this to be false even in the simple cases they con- 
sider. (Received March 11, 1940.) 
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